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BBenenue

bnaromaps mMpoOKOMYy Kpyry JUCHMIUIMH, B KOTOPBIX HCIOJB3YIOTCA
muddepeHnanbHble YpaBHEHUS, U3YyYeHHE 3TOW TeMbl TMPHOOpeTaeT 0co00 BaKHOE
3Ha4YEHHE B CUCTEME CPEIHEr0 MPOPEeCCUOHATBHOIO 00pa30BaHMUS.

B  TeyeHme Tpex  BEKOB, INPOMEANMX C  MOMEHTa  HOSBICHHS
muddepeHIMaTbHBIX YPAaBHEHU B MaTeMaTUKe U (PU3UKE, YUCHBIE CAMOE CEPhE3HOE
BHUMaHHE  yIesUTM  pa3paboTKe  aHAIUTUYECKHMX  METOAOB  PEIICHHS
Qg QepeHIaTbHbBIX YPaBHEHUH. JTH METOBI CHITPaId BAXHYIO POJIb B U3yUEHUH
caMux JuQQepeHINaIbHbIX YpPaBHEHUNH U TO3BOJIMIM PACCMOTPETh MHOXKECTBO
NPUKJIAIHBIX 3a/1a4.

PenreHne pa3iMyHBIX 3a7a4  METOJAOM MAaTEMATUYECKOTO MOJCITHUPOBAHHUS
CBOJUTCS K OTBHICKAHWUIO HEM3BECTHOM (DYHKIMM W3 YpaBHEHUS, COJCPIKAIIETo
HE3aBUCHMYIO MEPEMEHHYI0, UCKOMYIO (DYHKIIUIO W TPOU3BOJIHBIC 3TOW (DYHKIUH.
Takoe ypaBHEHUE Ha3bIBACTCS Oup@epeHyuaibHbiMm.

Onpenenenue 1. Pemenuem muddepeHnnansHOTO ypaBHEHUS Ha3bIBACTCS
BCsKash (QYHKIIHSI, KOTOpasi oOpaliaeT JaHHOE YPaBHEHHUE B TOPIKECTBO.

Paccmotrpum  HekoTopble 3amaud, mpuBoOAAIME K - auddepeHnnanTbHbIM
ypaBHEHUSIM.

IIpumep 1. Teno, macca koTOporo M, cBOOOHO MaAaeT ¢ HEKOTOPOM BHICOTHI.
TpeOyeT ycTaHOBUTH 3aKOH, IO KOTOPOMY H3MepsieTcss ckopocTh V=V(t) maaeHue
Tela, €CIW Ha HEero KpoMe CWwibl TskecTH P nelicTByer Topmo3ssimas cuia b
COIIPOTHUBJIEHUS BO3AYyXa, IPONOPLHOHAIBHAS CKOPOCTH.

Pemenne. Ilycte F — cuia, monm nelcTBHEM KOTOPOM TEIO JABUXKETCS CO
ckopocThio V=V(t) .DTa ckmaapiBacTCs W3 CHIBl TSHKECTH P=MQg  u CHIbI
COIIPOTHUBJICHUA BO3/lyXa

Fi=-kv, k>0, T.e.

F=P+F;=mg-kv. (1)

CornacHo BTopomy 3akoHy HproToHa cuna F, neiicTByromast Ha T€I0 Maccel M,

o ' dv
CBsI3aHa C BBI3BIBAEMEBIM €10 yCKopeHueM Gopmynoi F = ma. Tak kak a = v(t) = o

TO

F=m—. (2)

N3 pasencts (1) u (2) nonydaem



dr
m— = mg-kv (3)

_ dr
VYpaBuenue (3) cBsizpIBaeT UCKOMYIO GyHKIHIO  V=V(t) u ee mpOU3BOIHYIO -
, TIO9TOMY
SBnsercs nuddepeHnuanbHbIM ypaBHeHHeM. [lokaxem, 4To Besakas QyHKIHS
BUJA

—kt

v=C em+7L, 4)

rne C- mpou3BOJbHAS TIOCTOSIHHASI, SIBJIAETCS pemieHueM ypaBHeHus (3). B camom
Jiesie, 3aMEeHUB B YpaBHeHUU (3) V ero 3HaueHUEeM U3 paBeHCTBaA (4), moaydaem

-k_ mg
ri{Cg —t+—) -k mg)
i k /- _ - =
m o =mg k(CE —t+-=),
i
Eo_k ——t
T.€ m (—c—e mt) =mg- kC, ™ - mg,
m
1501041
k k

Cke m'=-Cke m".

Takum o6pazoM, pyHkuus (4) mpeactaBisieT cOOOM HMCKOMBIM 3aKOH W3MEHEHHS
CKOpPOCTH.

IIpumep 2. Hailitu ¢ynkuuio, rpadux KOTOpod 001agacT TeM CBOHMCTBOM,
YTO OTPE30K JIDOOM KacaTeIbHOM, 3aKIFOUCHHBIN MEXKy OCSIMH KOOPAUHAT, JETUTCS
TIOTI0JIaM B TOYKE KaCaHWsI.

Pemrenue. [Tycts y = f (X)- uckomas ¢pynkuus, a M (X,y)- TpOU3BOJIbHAS TOYKA
KPUBOM, OTMPENIETIEMON ITUM ypaBHEHUEM; MPEJIOKUM JJIsl  OTMPEECTICHHOCTH, UTO
KpHUBas pacrosoxeHna B nepBoi yactu (puc.l). o ycnosuro 3anaun umeem BM=MA,
a cnenosarenbHo , OP = PA = x. U3 puc. 1 Buano, uro tg(£PAM) =MP/PA, T.¢

tg(180°—a) = y/x,umm —tg a = y/x.
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Pucynok 1

VYuurteiBas, uto tg & ecTh YrioBoil KO3(QPHUIIMEHT KacaTeabHOW, KOTOPBIM B TOUYKE
M(x,y) paBeH y', nonydaem auddepeHimaibHoe ypaBHEHHUE

y'=-ylXx (5)

Pemennem ypaBHeHus (5) sSBIsieTCs Besskas (QyHKIUS BUIa
y = C/x, (6)

rae C- nocrosHHas. B caMoM fene, 3aMEeHUB B YpaBHEHHH (5) y €ro 3HaYCHUEM U3
paBeHcTBa (6), MOTy4YrM

cy ' C/x C C
- =——T6.—— = ——.
x

X

CrnenoBaTenbHO, pPaBeHCTBO (6) ompeenseT MHOXECTBO (YHKIIHA, O00JIamaromiinx
yKa3aHHBIM B 3ajade CBOWCTBOM. I'padmkum 3THX (YHKIUN MPEACTaBISIOT COOOi
ceMeucTBo runepood (puc.2).



\

Pucynok 2

IIpumep 3 ODNBITHBIM IyTeM YCTAHOBJIEHO, YTO CKOPOCTh Pa3MHOKEHHS
Oaktepuii B 1100011 MOMEHT BPEMEHH MOJIOKUTEIbHA U MPONOPLHUOHATIBHA UX Macce.
Haiit 3aBUCUMOCTb MacChl OaKTEpHUI OT BpEMEHHU.

Pemenne. O6o3naunMm yepes m (t) maccy OakTepuii B MOMEHT BpeMEHH {;

dm o
Toraa —- OyleT CKOpOoCTh pa3MHOXKEHHs 3TUX Oaktepuii. COriacHO YCIOBHIO
dm o
33/a4M CKOPOCTh PA3MHOMKEHHsl — - TIPONOPIHMOHANBHA Macce M (t) Oakrepwmii,

IMO3TOMY .
o = km (1) ™)

rne k> 0. VYpaBuenue (7) comepkuT uCKOMyro ¢yHkuro M(t) u ee

IPOM3BOJHYI0, TO3TOMY SBISeTCA AUPPEepeHIInanbHbIM ypaBHEHHEM. Y Oeaumcs,
4TO J1100ast PyHKLIMS BUIA

m(t) = Ce* (8)

rae C- mpou3BOJbHAs MOCTOSIHHAS, SBISIETCS pemieHueM ypaBHeHus (7). B
caMOM Jelie, 3aMEHUB B ypaBHEHUU (7) M ero 3HaueHUEM U3 paBeHCTBa (8), uMeeM

a(Ce) _ | cokt

di

WIu Cke™t = Ckekt,



[TomyuuM TOXIECTBO, cienoBaTeNbHO, GYHKIUS (8) SBISETCS pELICHUEM
ypasuerust (7). Tak xak dyrkmus m(t) = Ce*® ompeaeisieT Maccy OakTepuid B
3aBUCMMOCTH OT BpeMeHHU t, To 3a7aya penieHa.

IIpumep 4 Ha maTepuanbHyto Touky M Maccoit M AelCTBYET NOCTOSIHHAS CUjla
F1 HampaBlieHHasi B CTOpPOHY JABUKEHHS, U cuiia F, mpomnopiuoHanbHa CKOPOCTU U
HanpapJICHHAs POTUB ABM>KeHUs. HalTh 3aK0oH nBUXeHHs TOUku M.

Pewenne. Ilpumem ocb Ox mpsiMyro, 1o KOTOpou JBxkeTcs (Touka M puc.3).
Toraa nonoxxeHne TO4Ku M B MOMEHT

F, M F
- < *— —> >
0 X(t) X

Pucynok 3.

BpeMeHnu t xapaktepusyercs koopanHaToit x=x (t). CoriracHo yCJI0BHIO 3a7aud CHja
F, mpomopuroHaabHa CKOPOCTH V M HAIpaBjeHa IPOTHB IBHKEHUS, IO3TOMY Fp = -
kv, roe k > 0.

Taxk kak V= X (t), To F,= - kX (t).

PesynbTupyromas cuna F, moj aeiicTBHeM KOTOpOW JBHKETCS Touka M, paBHa
cymme cun Fu ko, T.€

F= Fi+ Fo=F1- kx (1) (9)

[To BropoMy 3akony HptoTrona cuna F, geiicTByromias Ha MarepuajibHYH TOUKY
Maccoil M, CBA3aHa C BbI3bIBAEMBIM €10 YCKOpeHHeM dopMyioi F = ma.

YuuThiBasi, 4TO MPHU JBHXKEHHUH IO MPSIMON YCKOPEHHE €CTh BTOpas MPOU3BOIHAS OT
KOOPJAMHATHI, UMEEM

F = ma=mx (t) (10)
N3 paBencts (9) u (10) cnexyet ypaBHEHHE ABUKEHUS TOUKH M:
mx (t) = F1- k’X(1). (11)

VYpaBuenue (11) cBA3bpIBaeT MEpPBYIO U BTOPYIO MPOU3BOJHBIE UCKOMOW (yHKIHEH
x(t) u mocrostHHyro F; , mosTomy sBisiercss audQepeHnraIbHBIM ypaBHECHHEM.
[Toxaxem uto QyHKLUSA

x(t)=C1e"‘”m+% t+C, (12)



rane Ciu €, — mpoU3BOJIbHBIE TIOCTOSIHHBIE, SIBJSETCS pelienreM ypaHenuem (11).
JIy1s1 3TOr0 Haxo UM

X ()= —=Cie M2

. K2
u x ()= ——Cie kt/m

Toacrasisist HaiineHHbIe 3HaueHus X (1) 1 x (t) B ypasrerue (11)

Fy

III:)J

k2 ) Kk ]
m Ecle kt/m :F]_' k(_ Ecle kt/m +

I[ToyyaeM TOKIECTBO :Tzcle'k”m = ECle'kt/m
Takum oOpasom, ¢ynkuus (12) sBasercs pemenuem — ypaBuenus — (11),
CJIEIOBATENIbHO, U 3aKOHOM JIBMKEHHS TOUKH M.

PaccMoTpeHHbIe TIpUMEpPHI MOKa3bIBAIOT, KAKUM MOIIHBIM MaTeMaTHUYECKUM
amnmaparom sBisieTcst quddepeHanbHble YpaBHEHNUS NPU PELICHUU Pa3IHYHBIX U
BEChMa HEMPOCTHIX MPAKTUICCKUX 3a/1a4.



Paznen 1 Iuddepenunanbubie ypaBHeHHs NepBOro nopsitka. OCHoOBHbIE
MOHATHA

1.11TonsiTHE 0 COBOKYNHOCTH pelleHHMi, 001eM pelieHMH M YaCTHOM pelleHUuH
Au(pPpepeHIHATBLHOI0 YPaBHECHUS.

Onpenenenue 1. Jugppepenyuanvnviv ypasueruem Ha3bIBA€TCA YpaBHEHUE,
coJieprKaIee He3aBUCUMYIO TIEPEMEHHYIO X, HICKOMYIO YV U €€ TIPOU3BOJHYIO YV, VY ...

yo.

CuMBoOIMYECKHU ,III/I(I)(bCpCHLII/IaJIBHOG YPAaBHCHHC 3alIMCBIBACTCS TaAK:

F(Xy,y.Y ... Y)=0 (13)

Hanpumep, ypaBHeHust 2x+ y —3y=0, y,2—4=0
sin y'= cos Xy, y = 2x

aBisgercsa AU epeHrnaIbHbIM yPaBHEHUSIMHU.

Omnpenenenue 2. Iopsaakom nuddepeHUNaTbHOI0 yYpaBHEHUS Ha3bIBACTCA
HauOOIBIINN TOPSAIOK MPOU3BOIHBIX, BXOSIIIMX B JAHHOE YpaBHEHHE.

Hampumep, xy+y—2=0 — ypaBHEHHe mepBOro mopsiaka; y +7y—3y=0 -
YPaBHEHHUE TPETHETO MOpAJKa; ypaBHeHue (13) sABiseTcs ypaBHEHHEM N-TO MOPsKa,
3alMCaHHbIM B 00ILIEM BUJIE.

Onpenenenue 3 /luddepeHunanbHbIM yYpaBHeHHMEM IEPBOr0 MOPSAIKA
Ha3bIBACTCA YPAaBHEHHUE BHU]IA

F(xyy)=0. (14)

Paspemast ypasaenue (14), eciu 3T0 BO3MOKHO, OTHOCUTEIHHO TPOU3BOHON Y,
MOJTyYUM

y=f(xy) (15)

Omnpenenenue 4 VYpasuenue (15) Ha3bIBa€TCS ypasHeHuem nepeo2o nopsaoka,
PAa3peueHHbIM OMHOCUMENbHO NPOU3BOOHOU
Nnorna ypasaenus (14), (15) 3anuceiBaroT B nuddepeHimanax:

P(x,y)dx  + Q(x,y)dy=0 (16)

Tak pu pa3IM4YHBIX 3HAYCHUAX MOCTOSTHHON C paBEHCTBO
10



y=C/x (17)

Omnpenenser pa3IMuHbIE PEIICHUS YPaBHEHUS

’

y=- (18)

=

Hanpumep, HENocpeACTBEHHON TMOJCTAHOBKOM MOXHO YOEAMTbCA, 4YTO
byHKIIANA

y=1/x mpuC=1 u y=3/x npu C=3

SIBIIICTCS peleHUsIME ypaBHeHus (18).
Takum oOpazoM, kaxaomy auddepeHnnanrbHOMy YpaBHEHUIO COOTBETCTBYET,
KaK TIpaBWIIoO, 0€CKOHEYHAS1 COBOKYIHOCTh €ro pelieHuil.

Onpenenenue 5 Bcesdkoe oTAeNbHO B34TO€ pelieHue Au@epeHInanbHOro
yYpaBHEHUS! HA3bIBACTCS €r0 YACTHbIM pemieHneM. C reoMeTpU4YecKOl TOUYKH
3peHusl NpeaCcTaBisieT coO0M CeMEeMCTBO KPHUBBIX, HA3bIBAEMbIX HHTErpaJbHbIMH
KPUBBIMH, 2 KaXXJI0€ YaCTHOE PEIICHHE MPEICTABISAET OTACIbHYI0 HWHTETPAIBHYIO
KPHUBYIO.

Jis mMHOrMX aud@epeHIuanbHbIX ypaBHEHUH MEpPBOrO MOPSAIKAa MOXKHO
yka3atb (GopMyIly Buia

y=0¢ (x,0), mmm y=y(x,C) (19)

rae C — npou3BoJbHAs MOCTOSIHHAS, Takas yTo npu jarodoom C ¢pynkuus (19) asusercs
pelieHreM paccMatpuBaemMoro ypaBHeHus. Kak mbl yxe 3amerwnu, u3 (opmyn
obmero Buma  (19) MOXXHO MONMYYUTH OTAENBHBIE YACTHBIC PEIICHUS, MPUABAs
nocrosiHHoU C pa3nuuHble PUKCUPOBAHHBIC 3HAYCHMUS.

Omnpenenenue 6 Oynkuus, 3amanHas dopmynon (19), mpeacrasiser odiuee
pelieHue mupdepenunansioro  ypaBHeHus (14) wmum (15), ecnmu mpu mo0om
sHaueHnn C 3Ta QyHKIMS sBisieTcss perieHueM ypaBHeHus (14), cOOTBETCTBEHHO
(15), u Ar000€ YacTHOE peIIeHNnEe MOXKET mosydeHo u3 (19) npu HEKOTOPOM 3HAYCHUHU
noctossuHol C, T1.e. (19) mpencraBisieT BCIO COBOKYITHOCTH PEIICHUH JTaHHOTO
ypaBHEHHUSI.

Ecmu u3z ¢opmynsl (19) MOXHO MONMY4YUTh JUIIL T€ pPEIHICHHS, Tpaduxu
KOTOPBIX JIEKAaT B HEKOTOPOH 00JacTH, TO TOBOPAT, YTO OHA MPEJICTABISET oOIIee
pellleHrH B JAHHOM 00J1aCTH.

WHorna He ynaercs moiayyuTh perieHus qud@epeHinanbHoro ypaBHEHUsT B SBHOU
bopme y=¢ (x) wm y=¢ (x,C), a moaydarT UX B HEIBHOU (opme, T.e. PEIICHHE
3amaercs GpopmyIiol Buaa

d(x,y)=0 nau O(x,y,c) (20)

Omnpenenenue 7 Bripaxenne dD(x,y)=0 wm D(X,y,c) B 3TOM ciydae
HA3bIBACTCS MHTErPajioM (4acTHBLIM, 001iuM) auddepeHITnaib-HOT0 YpaBHCHHUS.
11



3ametuM, uTto He Bcerga u3 (opmynsl Buaa (19) MOXHO MONMY4YHUTH BCIO
COBOKYITHOCTb PEIICHUI JAHHOTO AP PEepeHInaTIbHOIO YPaBHEHUS.
Hanpumep, nuddepenunaibHoe ypaBHEHUE

y'=41-y? (21)
uMeeT npu JroboM C pereHus
y =sin (x+C). (22)

Oynkuun - y=1, y=—1

TaK)K€ SBJISIIOTCS pelleHusIMU ypaBHeHHs (21). OqHako HU NpU Kakux 3HaueHHusx C
OHU HE MOTYT OBITh NOJTyYeHBI U3 perieHus (22).

MoskHO yka3aTh U apyrue pemienus ypasaenus (21). Hanpumep, pyHkumu

1 ,aﬂﬂxi:g—(:

o(x)= sin (x+C) gnax > g— C

YAOBJIETBOPSIOT ypaBHeHUIO (21) npu mrobom C.
3amMeTuM, 4TO MHOT/Ia (B HEKOTOPOM HECTPOTOM CMBICIIE) JH000e perieHrne oOI1ero
Buja (19) HazpiBaroT 00mKM pemeHreM auddepeHiuaibHoro ypasuenus (14).

1.2 3agaua Kommu

[Ipu pemieHMH KOHKPETHBIX 3aJa4 4YacTO HEOOXOJIMMO BBIICIUTH W3 BCEH
COBOKYMHOCTH pelieHnid quddepeHnnanbHOro ypaBHEHHs TO YacTHOE pElIeHHE,
KOTOpOE SIBJISIETCSI OTBETOM Ha IOCTaBJICHHBIM Bompoc. s Toro 4toObl U3 Beei
COBOKYITHOCTH PEILLIEHUI BBIJCIUTH OTACIbHYI0 HHTETPAIbHYIO KPUBYIO, 33al0T TaK
Ha3bIBaEMble HauanbHule ycaosus. B ciydae nuddepeHIMaNbHbIX ypaBHEHUN
neporo nopsiaka (15) mon uauanvmeimu ycrosusmu JIAsi €ro pemeHus y=y(X)
MOHUMAIOT YCIIOBUS, COCTOSIIIIME B TOM, UTO Y=Yy MPH X=X, T.€

y=(X0)=Yo (23)

IZie Xo ¥ Yo - 3aJaHHBIC YKclia (HaYaJlbHbIE TaHHBIC) TAKWE YTO MPU X = Xg U Y = Vo
bynkims f (x,y) uMeer cMmbIch, T.e. cymiecTByeT f(Xo;yo ).

Onpenenenue 8 3amaua HaX0XKIEHUS YaCTHOTO pemieHus TuddepeHInaibHOTo
ypaBHEHUS, YAOBICTBOPSIONICTO 3aJaHHBIM HAYaJIbHBIM YCJIOBHUSM, HAa3bIBACTCS
3agaveit Kouru.

B ciydae nuddepennmanbHOro ypaBHEHUs MEpBOTO mMopsaka 3aaada Ko
bopMyIUpyeTcsl CIEAYIOMUM 00pa3oM: Hauimu peuterue y = y(X) ypasnenus Y'=f
(X,y) yoosremesopstowee npu 30A0AHHBIX HAYAAbHLIX OAHHLIX (XoYo) HAYATLHOMY
VCI08UIO y = (Xo) = yo umu 8 Opy2olU 3anucu, y,=xo=yp, 20€ Xgo Yo~
3a0anHble Yucia.

12



[lIycTh maHbl HauadbHBIE JAHHBIE Xo=2, )o=3 W TpeOyeTcs HAWTHU YaCTHOE
pelenue y = y(X) ypaBHeHus (6), yI0BJIETBOpSIOIIEe HAYaAIbHOMY yCJIOBHIO y(2)=3.
Msb1 otmeTnnu, yto (yHkius (5) npu awbom C sBISIETCS pPEIICHUEM YpaBHEHUS
(6).IToncraBinsist B hopmyiy (5) HauanbHbIE TaHHBIE X=2, y=3, Haiijnem 3= C/2, T.e. C
=6. Takum o00pa3oM, HMCKOMBIM YaCTHBIM peIICHHEeM YypaBHEHUs (6) sBiseTcs
byHKIUA

y = 6/x.

['eomeTpuyeckoe pelieHue, yI0BIETBOPSIOIIEe HauaJIbHOMY YCIOBHUIO Y(X0)=Yo,
IPEJICTABIISICT HHTETPATBHYIO KPUBYIO, IIPOXO/ISIIYIO Yepe3 JaHHYIO TOUKY (Xo: Vo).
Tak, obmee pemenne y = C/X ypaBHeHHs Y = — y/X ONpeAeNsieT CEMEHCTBO
PaBHOCTOPOHHUX THUMEPOOJ, ACHUMITOTAMH KOTOPBIX SIBIISIOTCA OCH KOOpPIWHAT
(puc.2), a taxxe npsamyro y=o (nmpu C=0). YacTHoe pemieHue y=6/X ompeaeisieT
TUIepO0ITy, TPOXOIAILYIO Yepe3 TOUKY (2;3).

Ipumep 5 Jlokazats , uro npu 106oM C QyHKIUsA
y= 4 (24)
X
ABJIIETCS PELLICHUEM YPABHEHMSI

y+ ==3x. (25)

X

Haiitn yacTHOe pelienne, yaoBIETBOPSIOIIEE HAYAIIbHOMY YCIOBUIO
y(1)=1.
Pemenue. 3ameHuB B ypaBHeHUH (25) y €ro 3HaY€HUEM U3 PaBEHCTBA (24), moiayuyum
C r1,C
(S+30)+ 2 (5h) = 3x
X X X
WIn

C C
— < +2x+ -+ x= 3%, T.e. 3Xx = 3x.
X X

CnenoBarenbHo, GyHKIUs (24) sBISETCS pelIeHHEM ypaBHEHHs (25) mpu
moooMm nocrosiHHoM C. TToacTasnss B (24) HayanbHBIE yeioBus X=1, y=1, Haliiem

C
1=I+ 1,T.e C=0.
Takum 00pa3oM, HICKOMBIM YAaCTHBIM pelieHueM O0yeT GyHKIHs

y= X

13



1.3 InddepenuuaibHbie ypaBHEHHS ¢ Pa3ie IS OIIUMUCS NepeMeHHbIMHU

Onpenenenune 9 JluddepennuanbHoe ypaBHEHHE  Ha3bIBaeTCS YpPaBHEHHEM C
pa3AeISIONIUMUCS IEPEMEHHBIMHU, €CITH UMEET CIICTYIOIINN BUI:

y' =h(x) - fay). (26)

Ecnu fy(y)# 0,70 ypaBHEHHE ¢ pa3e/ISIOIIUMUCS TEPEeMEHHBIMH() MTepenucaTh
B BUJIC (pa3Ae/IuTh IEPEMEHHBIC)

dy
f20%)

= fi(x) dx. (27)
VYpaBuenue Bujga (27) Ha3biBaeTCsl ypaBHEHHUEM C  pa3/ielIiEHHbIMU
NePEMEHHBIMH.

Ero penienre HaxoAUTCsI HHTETPHPOBaHMEM 00EHX YacTei:

J2-=] fdx=C, (28)

HJIH
Fa(y) = Fu(x) + C. (29)

Wrak, npu pemieHun aud@epeHralbHbIX YpaBHEHUN C pa3AeioMMUCs
NEPEMEHHBIMU MOKHO PYKOBOJICTBOBATHCS CIEAYIOIIUM aJITOPUTMOM:

1)ipon3BoIHYI0 PYHKIMH NIepenucaTh yepe3 auddepeHinansi;

2) 4neHbl ypaBHEHUS C OJWHAKOBBIMU IU((EepeHIMalaMi TEePEHECTH B OJHY
CTOpPOHY PaBEHCTBA U BhIHECTH AU depeHiuan 3a CKoOKy

3) pa3nenuTh mepeMeHHbIe (C YIeTOM YCIOBHIA, KOT1a 3TO BO3MOKHO CJIEJaTh);

4) MHTErpupys MOWICHHO MOJyYCHHOEC YPaBHEHHE C pa3jejCHHBIMU MEPEMEHHBIMU
(27), naiitu ero o6Ommii naTerpan (29);

5) BBISICHUTb, UMEET JU ypaBHEHHE (20) pernieHusi, He MOoJydaroliuecs: U3 0OIIero
uHTerpana (29);

IIpumep 6. Haiitu ol1iee penieHne ypaBHEHHS
(1+y)dx — (1-x)dy= 0.
Pemenue. [IpeoOpazyem ypaBHeHUE:

-(x-1)dy = (1+y)dx

dy dx
(14y)  (x-1)

Pa3znensiem nepeMeHHbIE:

14



dy _ dx
(14y) f{x—l}

HNuTterpupyem: ]

[Monyuaem In|1+y|= -In|1—x| +InC

WJIH, UCTIOJIB3YS CBOMCTBA Jlorapu(MOB

1+y = C/ (1-x) — o0l1ee pemeHnue ypaBHEHHSL.

IIpumep 7 Haiitu obmiee pemenne ypaBHenus (3-2x)dx=(1+5y) dy
Pemenue.

Oto nuddepeHIraTbHOe YpaBHEHUE C Pa3ICIICHHBIMU TICPEMCHHBIMH.

HuTerpupyem paBeHCTBO:

f(S— 2x)dx = f(l+5y]dy
3[dx—2[xdx=[dy+5[ydy
3x—2X +C=y+ 5L
2 2
WITH

Z
3X—x? +C=y+ 5 v? — o011ee perreHue.

IIpumep 8 HaiiTu oO1ee pelieHre ypaBHEHHS (xy2 +x)dx = (y - X2y)dy.
Pemienue.

Brirecem 001e MHOXUTENH B 00EUX YaCTAX YPABHECHUS:
x(y? +1)dx = y(1-x?)dy

Paznenum nepemenHsbie

xdx  ydy
1-x% y?+1

ydy xdx

Wnrerpupyem: J===I 2

y*.1 "1-X

15



1IC
+— InC.
2

1 2 ‘ 1 ‘ 5
— +1 |=-— -
2Iny 2Inlx

YMHOXXMM paBEHCTBO Ha 2:

In

y2+1‘=mcx4n‘1-x2

[Tpumensist cBoiicTBa JIorapudMoB, MorydaeM oOIIee perieHne

IIpumep 9 Haiitu oOiiee perienne ypaBHeHus  y' = x%e*.
Pewmenue.

o dv
3aMeHnuM 0003HaYEHME IIPOU3BOJHON y' Ha E

[Tonmyunm
L =2 X
dx
Paznensem nepemMeHHbIE:
dy = x%e*dx
HNuTerpupyem:
[dy = [x?e* dx.
Jdy=y,
a unrterpan [ x%e* dx UHTErpupyeM 10 YacTsM.

u=x? ,dv = e*dx,
du=2xdx, v =e*

[x%e*dx = =x? e¥ —2 [xe*dx=x? e* -

u=x ,dv =e*dx,

=x? x - X_ x = 42 x X x
du=dx, v=e* | * € 2(xe*—[e*dx)=x? e* -2x e*+2e

+C.

Q|

16



Hraxk,

y=x? e* -2x e*+2e* +C - o0ee peleHue.

Haiitn yacTHbIE€ pelIeHUus YpaBHEHUM.
Mpumep 10 (2x-1)dy = (y+1)dx, eciuy =0 npu x = 5.
Pemenue.

Paznensem nepemeHHbie:

dy  dx

y+1 2x-1°
HNuTerpupyem:

Ay I dx

y+1 2x-1
[Tomyuaem

1
In(y+1)=§ln(2x—1)+lnc

01051

y+1l=ce,/2X-1-00mee pemeHue.

[ToncraBum B oO0lee pellieHre HadyallbHble yciaoBus X = 5,y = O:
0+1=C+y2e5-1=1=3C= Czé.
Haiinennoe 3nauenne C moacTasisieM B 00111ee PEIICHHE:
1 - A2x-1
+1=— X -
T3
1581051

1
y = 54/2x -1-1- yacTHOE pellIeHHE.
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dx
cos? X s cosy

+ctgx e sin ydy=0,ecm/1y=7cnpnx=p

IHpumep 11 3

Pemenue.

Paznenmnm nepemenHsle:

dx

(cosx)Zctgx

Siny cosy dy = -

WNHTerpaiibl pemaeM METOJOM 3aMEHBI IEPEMEHHOM.

: | t=siny, |_ £ (siny)®
| Siny cosy dy = dt — casydy|_ftdt_ =
3aMeHuM ctgX Ha i,
tgx
Torna
z=1gx, . )
_L__ tgxdx: _ :_Z_:_{t_gx]
Jr( {Cﬂsx]zﬂt&'xj B j (cosx)? |dz = —{Cz]z f.ZdE’ 2 2

HNmeem

(siny}?® _  (tgx)? + C
2 2 2’

VYMHOKHUM PaBEHCTBO Ha 2:
Sin’y = - tg? +C - o61ee pelreHye.
[ToncraBuM B 0OIIEE pellIeHHe HaYaIbHbBIC YCIOBHS:

Sinn = - tg*; +C,

0=-(\3)3?+C.
Otcroma C = 3.

Torma sin® y = —tg*x + 3- 4aCTHOE pEIICHUE.

18



1.4 Ognopoansie nuddepeHHATbHbIC YPABHEHHUS NIEPBOT0 MOPAIKA

Omnpenenenue 10 YpaBHeHue BH1a

P(x,y)dx+Q(x,y)dy=0, (30)
rne P (X, y)u Q(X)Yy)— omHoponHbie (DYHKIIMHM OJUHAKOBOTO W3MEpEHUS,
Ha3bIBACTCS OAHOPOIHBIM Ju(PepeHIINATbHBIM YpaBHEHHUEM ITEPBOTO MOPSIIKA.
YacTo 0IHOPOTHOE YpaBHCHUE 3aITUCHIBAIOT B BHJIC

y=1(3) (31)
NN
y=t() (32)

[Topsnok pemenus:

1) B omHOpomHOM nU((GEPEHITUATEHOM HYKHO IIPUMEHHUTH MOJICTAHOBKY Y =

ZX, rae Z = Z(X) - HoBasi Heu3BecTHast yHKIMs, y' =2' X +Z ;

2) CBeCTH IIOJlydeHHOE ypaBHeHHE K JU(B(EpPeHIIMAILHOMY YPaBHCHHIO  C
pa3eNSOIUMHUCS IEPEMEHHBIMU;

3) pa3aenuTh mepeMeHHbIe U MPOMHTETPUPOBATH;
4) BBIMOJIHUTH OOPATHYIO 3aMeHy Z = y/X.

Haiitu oOuue pernieHus ypaBHEHUH.
Mpumep 12 (x*—2y?)dx +2 xy dy=0.

Pemenue.B mannom ypaBrenmu dyHkmmm P(xy) = x°—2y% Q(X)Yy) = 2 Xxy—
OJHOpOJHBbIE (DYHKIIMM BTOPOTO HM3MEPEHUs, CIIEAOBATEIbHO, JaHHOE ypaBHECHHUE
SIBJISIETCS] OTHOPOAHBIM. [TosoKuM

y=zx,otkyaa dy = zdx + x dz.

[ToxcraBisieM 5TH BhIpakeHUs y 1 dy B JaHHOE ypaBHEHHE:
x2dx—2(zx)%dx+2xzx(z dx+x dz)=0,
Te.  xedx—27°x%dx+ 2z°x%dx+2zx°dz=0 wnm dx+ 2 zxdz=0.

Paznensem nepemennbie (cuntas x#0):

22dz+E=D.

X

WHTerpupyeM MowieHHO 3TO ypaBHeHUE ( YUUTBIBas, 4yTO Z= (X)):
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[2zdz + f% — C,,otkymga z*+1n|x| = 1n|C|,

c C
z*=Ln|C|-Ln|x|, 2z’ = Ln|;|, Te - =eZ wm x=Ce %
X

BosBparrasce k npexuHeit ynkiun 'y (z=Yy/X), HaxoauM OOIIMIA HHTErpa
z /%2
x=Ce™¥ - oOmuiee pelieHue.

Mpumep 13 (x — y)ydx — x°dy = 0.

Pemienue.

[IpuBeneM ypaBHEHHUE K BULY

' J ) gy
y=f(Z)rey ="

dy _ G-yly

dae x2

[IpumMeHnM IOACTAHOBKY y=12ZX,y =2Z'X+Z:

Z'x+z= —{x_zjjzx
X
VIIpOoCTHM MPaByIO 4acTh yPaBHEHUSL:
(x—zx) “(1-=)z
$=—z= (1-2)z=2-7°
X X

Torna

Z'x+z=2-72°

Z'’x = -17°,
frk=4
Zx=-7%
dx
Pa3znensem nepeMeHHbIE:
dz _  dx
z2 x
HNuTerpupyem mocieaHee paBeHCTBO:
d= ax
=2 x

[Tomyyaem

—gz-mmr—ma

20



1
;2 In|x| + InC,

1

- = In(x+ C)
15810
—= In(x + C)
T X .
Otcrona
Z=In(x + C) — obmee pemcHue.
¥V
n 2., _ 2 2
pumep 14 xy' =y —xy +x".
Pemienne.
[IpuBeneM ypaBHEHHUE K BUY
y'=f(2),rey ="
d__}-‘ _ V2 -xy+x2
dx x2 '
[IpumMeHnM OACTAHOBKY Yy =ZX,y' =Z'X +Z:
, _ (=22 —x=x + x2
Z’Xtz= =
YrpocTuM MpaByro 4acTh ypaBHEHUS:
{zx)2 - xzx + %2 - x2(z2-z+1) — 22 _7+1.

x2 K=
7'x+z7=72"-7+1
NJin
7'x=2722-27+1,
’ —_ 2
Z'x=(z-1)-.

dz  _ 2
Ex—(z—l).

Paznensem nepemeHHble:
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dz dx

{3_1:]2_ x

HuTerpupyem nocneaHee paBeHCTBO:

[Tomyyaem

Torna

X _ c
— = In = - obmiee penicHwue.
X

¥—x

IIpumep 15 y'= ::;x

+x

Pemenue.

Paznensiem nepemeHHbIe:

[P
(z—1)2 x
1
— le Inx -InC.
1
—=In-,
z—1 x
1
¥, In=,
X
7' x +7 _ Zx-X
ZX+X
, _ x(z-1)
+7 =
2 X7z x(z+1)
' -1
Z'X = - 2Z,
zZ+1
Z’ _ =z +1
X = z+1
X = z2+1
- z+1

(z+1)dz _  dx

z2+1 x

HNHTterpupyem nociiegHee paBeHCTBO:
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= d=z
J‘{+1:| __Jr_

2241

B pe3ynbTaTe HHTETpUPOBAHMS MOJTydaeM

1

S In|z| +arctgz=-1In|x|+ C.
3ameHsieM Z Ha y/X :

i In|y/x| + arctg y/x = - In |x| + C — obmee pemenue.

IIpumep 16 Halitu yacTHOE penieHUe YpaBHEHUS
2Xyy'= X°+ Y,
ecnu y=2 npu x=1.
Pemenue.
3anucaB JaHHOE YpaBHEHUE B BUJIE
(x*—y?)dx -2 xy dy=0 (32)
JIETKO MOKHO YO€IUTHCS B TOM, UTO OHO OAHOpoaHO. [lomoxkum  Y=zX, oTKyna

dy= zdx +xdx . IloacraBnss 3Hauenuss y u  dy B ypaBuenue (32), umeem (mpu x#0,
1-7°#0)

Ezdz dx

( x*47%%)dx - 2xzx(zdx+xdz)=0= & (1—22) dx = 2xzdz <

1-z .'1:.'

WNHTterpupys, norydaem
—1n|1 —z?|=1n|x| — 1n|C], C=0,

OTKyJa

x(1-2z2)= C, uau x (1—?:—2 )= C.

[TocTaBuB B HAWJICHHOE PEIICHUE HAYAJIbHBIE YCIOBUS, HAUIEM
Vz
1:(1-%)=c,rec=-3,
X
WTak, uCKOMOe 4YacTHOe pellleHre OyaeT
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X l—i = —3, W x*- y*+ 3x = 0.
(1-5) = 3w’y

IIpumep 17 CoctaBuTh ypaBHEHHE KPUBOU, mpoxojsiiei yepe3 Touky A(1;0), ecou
U3BECTHO, YTO YIJIOBOM KO3(P(UIMEHT KacaTeIbHOM B KaXKIO0M ee Touke paBeH (2X
+y)/ 2x.

Pemenue. Ha ocHOBaHMM TIeOMETPUYECKOTO CMBICIA HPOU3BOIHON (YIJIOBOM
KO3 UIIUEHT KacaTenbHOM K paBeH MPOU3BOJHON PYHKIMH y') MOIydaeM

dy 2x+y

dx 2x '
T.€ ( 2x+y)dx —2xdy= 0.

B momyuennom ypaBaenuun P (x,y)= 2x +y m Q(X,Y)= - 2X, cinemoBaTeIbHO, OHO
omHoposaHoe. [Tonoxkum Y =2zX , otkyma dy = zdx +x dz.

Torna ypaBHeHHE IPUHUMAET BU/T

(2x + zx) dx — 2x(zdx +xdz)=0

17001 (2— z) dx - 2xdz =0.
Paznensem nepemeHHble
2dz dx
———=0.
2—z x

HNuTerpupys 3T0 ypaBHEHUE, HAWJIEM
—21n|2 — z| — In|x|=—1n]x = -1nC| < 21n]2 - 7| +1n|X| = 1n‘C = x(2- z)z‘ =C
Bo3sBpatasics k npexkHeit pyHkiuu y, 0yJeM uMeThb
x(2 — §)2= C, wm 2x —y )*=Cx.

[loxcraBnsisi KOOPAMHATHI TOUKU A B HaliieHHOE 0011iee pelIeHne, MoayuYuM
2
(2.1-0)=C-1, Te. C=4.
Wrak, ICKOMOE ypaBHEHUE KPUBOU UMEET BUJ

(2x — y)*= 4x.
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1.5 JIuneiinbie nu¢pepeHnnaIbHbIC YPABHEHHUS NIEPBOT0 MOPSIAKA

Onpenenenue 11. [IluddepennnansHoe ypaBHeHHe TiepBoro nopsaka y' = f{X, y)
Ha3bIBACTCS JIMHEHHBIM, €CJIM UMEET CIICAYIONTUN BU/I:

y' + P(X)y = Q(x), (33)

rae P(x) u Q(x)—3anannbie GYHKIHH OT X.

[TpuBoaum (6e3 nokazarenbcTBa) TeopeMy Komm st JTUHEHWHBIX ypaBHEHUH
NEepPBOTO MOpSJIKA.

Teopema Koww. Ilycmo (a; D) ummepsan, ¢ komopom ¢ynkyuu P (x) u Q (x)
Henpepvlgubl. Toeda: o0na nobdvix Xxo€ (a;b) u yoE(—=0;+0) 3adaua Kowwu c

HA4anbHbIMU 3HAYeHUsAMU (Xo, Vo) UMeem eOUHCMBeHHOe peuienue, m. e. Cyujecmeyem
eouHcmeenHoe pewenue y = y(x) ypasuenus (33), yoosiemeopsrowee HA4AIbHOMY

yenosuro y(xo) = yo.

Haxoxnenue oOuiero pemieHus JUHEHHOro auddepeHInanibHOro ypaBHEHUS
nepBoro nopsaka (1) cBoauTcs K pelieHuio IByX IudQpepeHInalbHbIX YPaBHEHUH C
pa3/ieICHHbIMU IEPEMEHHBIMU C MIOMOUIBIO MOJICTAHOBKH

y =uv, (34)
rjae U u V—HeusBecTHble GyHKIUU OT X. 13 (34) Haxoaum
p=dy _dv dv
y o= u_—+v—. (35)

[ToncraBuB 3HaueHus y K y' B ypaBHeHHe (33), mojrydaem

dy dy —
U—+ v(— + P(x)uv = Q(x)
WITN

u% + v(‘i" +P()u= Q%) (36)

Tak kak wuckomass QyHKIMS Yy TmoacTaHOBKOM (34) mpencraBieHa B BHUJE
npousBeneHuss IByX GYHKIUN U W V, TO OJHY W3 HUX, HampuMmep U, MBI MOXEM
BBIOpaTh 10 HAIIEMy YCMOTpeHHI0, kKpoMe U = 0. Beioepem yHKITHIO U Tak, 4TOOBI

dy
do

+ P(x)u=0, (37)
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T. €. B KauecTBe (PyHKIMU U BO3BMEM OJIHO U3 YACTHBIX perieHuit U* ypasuenus (37).
Pemas ypaBHenue (37) kak ypaBHEHUE C Pa3JeisIIOUIMMUCS MTEPEMEHHBIMU, Hailiem
OTJIMYHYIO OT HYJISI PYHKIUIO

u*:e_ .IF P':X.-] dx

Tax xak QyHKIHs U* sBIIseTCs pemeHueM ypaBHeHus (37), TO Tociie TOJCTAaHOBKH €€
B ypaBHeHHeE (36) morydum

* dy

U2 = Q(x), e dv=%dx (38)

PemnB ypaBHeHue (38) Kak ypaBHEHHUE C pa3/IEJICHHBIMU IEPEMEHHBIMU, B KOTOPOM
U* wm3BecTHa, HaimeM ¢yHKHO V = — V(X, C), coaepKallyr MPOU3BOJBHYIO
noctostHHy0 C U SBJISIONIYIOCS OOIIUM perieHneM ypaBHeHus (38).

3aMeHUB B paBEHCTBE y = UV (PyHKIuU U W V K HaWJACHHBIMH 3HAYCHUSIMU,
MOJIYYUM PEIICHUE

y = u*(x) v(x, C)

ypaBHeHus (33), cogepkaiiee BMecTe ¢ GyHKIMEH V U TPOU3BOJIBHYIO MTOCTOSIHHYIO
C.

IIpumep 18 Haiitu oOmiee perienne ypaBHEeHUs
(1+ x%) y—xy =2x.

Pa3nenuB Bce uieHbl JaHHOTO YpaBHEHMS Ha 1+x2# 0,

Xy 2x
HOJIy4aeM Y e T 1 (39) 3meco
X 2x
P(X) - 1+x2, Q(X) = 1+x2.

dr

' dr
I[lomoxuM y=UuUv , oTkymay =u— +V
y > yoay P .

TloACTaBUM 9TH 3Ha4YCHHUS Y U Y B ypaBHenue (39):
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Crpynmupyem 4ieHbl, CofiepKaine, HapuMmep, V, W BBIHECEM V 3a ckoOKy. Eciu To
e camMoe CJeNlaTh OTHOCHTENHHO (PYHKIMH U, TO TIOMYYUTCS 3alUCh, aHATIOTUIHAS
(40), B KOTOPOI TOJBKO MOMEHSAIOTCS POISIMHU (QYHKIMH U H V.

U by &2y == (40)

Bribepem pynkumio U # 0 Tak, 4TOOBI BEIpa)KEHUE B CKOOKAaX 0OpaTUiIOCh B HYJIb,
T.€. YTOOBI

] (41)

Torna ypaBuenue (40) npumer BHUI

- = (42)

dx  14x2

Pemraem ypaBHenue (41) kak ypaBHEHHE C pa3AesSIIOIIMMUCS MEPEMEHHBIMU (TIpU

uz£0):

WHTerpupys, moydaem 1n|u|=$ In |1+ x?|%), oTkyna

u=v1+x? (43)

[ToncraBuB 3HaueHue GyHKIMU U B ypaBHeHUe (42), Hailnem

du 2xdx
2 - =
1+x2 —=175 Te dv Gyl
OTKy/a
-2 _+C 44
Vo= ' (44)

3aMeHUB B MOJICTAHOBKE y = UV (PYHKIMHU U H TV UX BBIPAKCHUSIMHU U3 PaBeHCTB (43)
u (44), noayyuM UCKOMOE o0l1ee PEeLIEHUE JAHHOTO YPaBHEHUS:

V= VI+ 2 (CVI+ )
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WIn
V= c/1+x2 -2

IMpumep 19 Haiitn yacTHOE pelIeHHe YPaBHEHHS Xy —Y = X3, eciu y="2

npu x=1. Pemenue.

3anuiieM JaHHOE YPAaBHEHHE B BUE

¥y 2

Y_ v_ — X '
y X
I[Honmoxum y= ur , OTKy1a —ud—u +Vd—u
y 5 YA y . L

[loxpcraBisiem 3HaUEHMS Y Uy BIIOCICOAHCC YPABHCHHC

Crpynnupyem 4jieHbl, CoOAepKalie V, U BbIHeCEeM V 3a CKOOKH:

av dv oy _ 2
u— +v (dx x) g (45)
Haitnem dyHKIuio U Takyro, 4TO
dv u _
= = 0. (46)
Torna ypaBHenue (45) npumer BUJ
= =%, (47)
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T.C

IF
« B

OTKYZa, II0CJIE UHTETPUPOBAHMS, TIOJIYIUM

In|u| = 1n|x|,

T.C u==Xx.

[ToncraBuB 3HaueHue GyHKIUMU U B ypaBHeHuH (47), Hailiem

d
b _2
da
WIN dv = xdx.
xZ
Otcrona V= - + C.

Wtak, o0mmm perieHneM JaHHOTO ypaBHEHUS SBISICTCS PYHKIUS
z 2
y=x(;+0) ==+Cx.

Haxoaum gacTHoe perieHue, yA0BIETBOPSIOIIEe HauaTbHOMY YCIOBHIO
y=1/2 pu x=1,

1—1—|—C C=0
> =73 ,T.eC=0.

CJICI[OB&TCJII)HO, HCKOMBIM YaCTHBIM PCHICHHUEM ABJISICTCA (1)}’HKHPI§I
y= 74

PaccmoTpum perieHre JTUHEHMHBIX ypaBHeHUM B Apyroil ¢opme. B Teopermyeckoi
YacTH 3TOTrO IMOJpa3zesia yKa3aH BUJ OOIIEro peuieHus JIUHEHHOro YypaBHEHMUS
IIEPBOrO MOpPsAIKA

y =UV, rae QyHKuuu U U V MOXHO HaWTH MO (GopMyJiaM:

u:e_fp{x:]lix ,
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QD)

T u(x)

dx,
_ 2=
OTKyJa V= f ) dx.
IIpumep 20 Haiitu obiiee penieHre ypaBHEHUSA X y' - Y = - X
Pemienue.

IIpuBenem ypaBHEHHME K CTaHAAPTHOMY BHIY, Pa3leiMB €ro Ha X. MOJy4aeM
YpaBHEHUE

TOoraa P(x)=- i , Q(x) =-1.

Haxomnum ¢ysKImio U:
d
u= e—fP{x]dx :E—Jﬂ{—ijdx = e-r?x = alnx = X.
Hrak, U = Xx.
Haxoaum dyHKIIHIO V:

vzf_fdx:-fidx:-lnlxhc.

Tormay =uv=x (- In|x| + C) — obmee pemenwue.

X

IIpumep 21 Haiitu oOuiee perieHre ypaBHeHus y' +y = e =,
Pemenue.
3necp P(x)=1,Q(x)=e"

—X

-f1dx = %

Torma u=e
= E—_x = =
v=[—dx=[dx=x+C
nu  y=e *x+ C)- obuiee pemieHue.
Ipumep 22 xy' +y =SsIinx.
Pemenne.

Paznenum ypaBHeHue Ha X:
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3neck P(x) = 1/x, Q(x) =

sin x
X

1 dax
Uz e JP@dr = g=f fdx = =[50 —gmtnw (1
sin x )
X SRy .
v=f1}; dx = [ = [ sinxdx= —cosx + C,
X

Torma y=1/x(—cosx + C) — oO1iee pelieHue.

IIpumep 23 y'sinX -y cosx = 1.
Pemenue.

Pasnenum ypaBHeHue Ha SINX:

, cosx 1
Finx Finx
niimn

y' - Clgxy =

sinx

3necs P(x) = - ctgx, Q(x) =ﬂ;.

u=e J-etexdr = of etgxdx = glnlsinal — gy

1

v= [ gy = |

sinx (sinx)*

dx =-ctgx + C,

Torma y = sinx (- ctgx + C) — obmee pemnieHwue.

Mpumep 24 (1+x°)y' - xy = 2x.
Pewmenue.

Pazzennm ypasHerue Ha (1+ x°):

, X _Ex

1+xzy T

y
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X 2x

3necy P(x)=- I Qx)= s
X X
u:e._'r{_ 1+K2:Idx:ef 1+x2dx=€1||'r2|[ﬂ|l+xz|: |'1+X2'
2x 2x 2
v | ———— = | — =-
| =0 |G ==+ C

Torma y=v1+x*(-—=+0C).

2
Y 14x2
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1.6 Bomnpocsl 1J1s1 CAMOKOHTPOJIs1 10 pa3jaeny 1

1. Kakoe ypaBHeHUe Ha3bIBaeTCs quddepeHnaIbHbIM?

2. Kak onpenenuts nopsaaok auddepeHuaibsHoro ypaBHeHus ?

3. CKOJIbKO MOCTOSIHHBIX HHTETPUPOBaHUs uMeeT AudpepeHimansHoe ypaBHEHUE
MIEPBOTO MOPsAJIKa? TPETHErO MopsiAKa?

4. MOHO 71 IPOBEPUTH MPABUIBLHOCTH pelieHust AuddepeHnaib-HOro ypaBHeHus ?
Kak sTo cnenars?

5. Uem otnmuaercs nuddepeHnuaibHoe ypaBHEHUE OT alre0pandeckoro?

6. Uem oTnmuaercs pemerne nudepeHnaibHOro YpaBHEHUS OT PEIICHUS
anredpandecKkoro?

7 . B uem 3akmtouaercs 3agavya Komm?

8 . KakoB reomerpudeckuii cMbici 3aaaun Komm?

9. Uem otnuuaercss auddepeHmanbHOe ypaBHEHUE ¢ pa3eIeHHBIMU TEPEMEHHBIMU
oT nudgdhepeHINaTBHOTO YPABHEHUS € Pa3JACISIIOIIMMUCS TEPEMEHHBIMU?

10. Kak pa3nensaror nepeMeHHbIe?

11. 3anummTe 001MiA BUJT OTHOPOAHOTO AU depeHITMaTBHOTO ypaBHEHHS 1-T0
NOpsIKA.

12. Kakoit moacTaHOBKOM peniaeTcsi OJHOPOAHOTr0 U GepeHIInaTbHOrO ypaBHEHUS
1-ro nopsinka?

13. 3anummTe oOuWMii BuA JuHEHHOTO AuddepeHimansHoro ypapaenuss 1-ro
TOPSITIKA.

14. 3anummTe MOPSIOK petieHus JuHeHoro auddepenunansaoro ypasHenus 1-ro
TOPSITIKA.
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2 In¢pdepeHunaibHbie YypABHEHUSI BTOPOT0 MOPAIKA
2.1 O0uue NOHATHUS U ONPeieTeHUS

HuddepenunansHoe ypaBHEeHHE BTOPOTO MOPsAKA B OOIIEM CIIydae 3aluChIBaeTCs B
BUJIC

F(xy,y,y") =0, (48)

WJIH, €CITM 3TO BO3MOKHO, B Pa3pellIEHHOM OTHOCUTEIBHO y" BUE
y" =fxy,¥. (49)
Onpenenenue. Oyakmus y = o(x, C;, C;) Ha3pIBaeTcs OOMMM PpeIICHUEM

muddepeHIManTbHOT0 YpaBHEHHUST BTOPOTO MOPSIKA, €ClIM IpU MOJICTAHOBKE €€ B
muddepeHInanbsHOe ypaBHEHHE TIoceAHee o0paliaeTcs: B TOXKAECTBO.

2.2 Henosinblie quddepeHunaIbHbIE YPABHEHHS 2-T0 MOPSIKA
2.2.1 O0urue NOHATHS U oNpeaeSIeHusl

VYpaBHeHue, conepikaiiee npou3BoaHble ( WM nuddepeHanb) He BhIIIE
BTOPOTO TIOpSIIKA, HAa3bIBACTCA OupgepeHyuposanHviM VpasHeHUuem 6mopoco
nopsioka. B o0meM Bujie ypaBHEHHE BTOPOTO TMOPSIKA 3aMUCBIBACTCS CIICTYHOIINM
obpazom:

(v 2) (50)

dx?

Obmee pemenve auddepeHMaIbHOTO YypaBHEHUS BTOPOro  MOpsiKa
COJIEPKUT JIBE MPOU3BOJIbHBIE IOCTOSHHBIE.

[Ipocrelimee ypaBHEHHME BTOPOTO MOPAIKA UMEET BUT
y" =1(x). (51)

VYpaBHEHHUSI 3TOTO BHJA PEIIAIOTCS JBYKPATHBIM HHTerpupoBanueM. [lonaraem y' =
Z(x); Torna y” = z' u ypaBuenue (51) mpumer Bup z' = f(x), unu dz = f(x) dx. Orcrona

z = [ f(x) dx = F(x) +Cy,
riae F(x) — onHa u3 nepBoodOpasubix g Gyuknuu f(x). Tak kak Z =y', TO
y' = F(x) +Cy mimm dy = F(x) dx + C; dx.

OTtcroga, HHTErpHUpys €LIe pa3, HaXOAUM O0O0Ilee peleHue UCXOJAHOIO0 YpaBHEHHMS B
00J1acTH , TJIe CYIIECTBYIOT pacCMaTPUBAEMbIC HHTETPAJIBI:

y=[F(x)dx+ Cix +C,
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2.2.2 PellieHue MPUMEPOB.
2z
IIpumep 25 HaliTu obiiee peiieHre ypaBHEHUS ? sin x,

xZ

Pemenue. D10 HenonHoe nudpepeHIMpoOBaHHOE YpaBHEHUE BTOPOIO MOPSIKa

d®y dy
BUIA dx; = f(x). [lonaraem ~, — 2> TOT/Ia JIAHHOE YPABHEHUE MOYKHO 3AITUCATh B
BUIE
d (dy ] dz )
ar (a) = sin x, T.E.a =sinx

Otkyna dz = sin xdx.

WNurerpupys nociiefHee paBeHCTBO, MOTYyYUM

fd?;:fsinxdx,T.e. z=—cosx +(;

CraenoBaTeiibHO,
dy

2 = cosx + €y, T.e.dy = (—cosx + Cy)dx.

CHoOBa MHTETpUPYS, HAXOAUM
f dy = f(— cosx +C)dx,unuy = —sinx + C,x + G,

310 U ecThb o0111ee PElIeHNE JaHHOTO YpPaBHEHHUS.

d®y

o 1 dy 3
IIpumep 26 HaiiTu yacTHOE penieHUE ypaBHEHUS el 2 o SOy =-H

B |&

mipu x=0.

Pemenue. Oto HemonHOoe muddepeHnnaTbHOe YPaBHEHHE BTOPOTO MOPSIKA

BHA —dzy - f (d_y)
dx? dx/’
IT W_ g &y _ dz L 22
OJIOKUM — = Z; TOrJa —- = — W, 3HAYUT, — = 2Z.
dx 5 VZ[ dxz I':th 9 b dx

Paznenus B 3TOM ypaBHEHUU NIEPEMEHHBIE U HHTETPUPYS], OJIYIUM.

dz dz e
—=2z; | —=2]dx, nz=2x+C;; z=e"*"
Z z

CrenoBaTelbHO,
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dy

= — 82x+C'1 (*)

T.e. dy = e*** 1y,
WHuTerpupys, HaX0AuM 00IIee pelieHne JAHHOTO YPaBHCHUS:
y=(1/2)e**“ +(C, (**)

JIJisi HaXOXKJIEHUsI KICKOMOTO YaCTHOTO PEIICHUS MOJCTAaBUM B COOTHOIICHUS
(*) m (**) HauanbpHBIC JAHHBIC:

1 = @20+C
{3;‘2 = (1/2)e?%*C + C,,

HITH { 1=e%
3/2=(1/2)e“* + C,
orkynaC, =0, C,=1

Takum 00pa3oM, HCKOMOE YacTHOE penrenue umeet Bua y = (1/2)e** + 1

dzv 1

ITpumep 27 Haiith yacTHOE pENIEHUE YPABHEHUS —— -
p p b yp dx?  x+2dx

V= ?H E":
npu x=2.

Pemenue. Dto HenonHoe AuddepeHuaibHoe ypaBHEHUE BTOPOTO MOPSAKA

BUIIA
dy f ( dy)
=flx,—)].
dx? "dx
I dy z dZy dz
OJIOKUM — = Z; Torja —— = —.
dax ’ A dx? dax
d*y _ dy
[ToacTaBUB BBIpAXKCHUS IS z ¥ __ B JIJaHHOE YPABHECHHE, TOIYIHM
dz 1
—=—12z.
dx x+2

PaznenuB nepeMeHHbIE M UHTETPUPYS, UMEEM

az _ fdz fdx Inz=In(x+2)+InC
=T , Inz=In(x nC,

Otkyna z = C, (x + 2).
CraenoBaTteibHO,
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dv
aclix’+ 2). (*)

TCHCpL MOYKHO HAUTH O6HICC PCUHICHUE JaHHOI'O0 YPAaBHCHUS:
y = (1/2)Cx2 +2C,x + C, (++)
HaﬁﬂeM YJaCTHOC pemeHI/Ie, I1IOJACTABHB B ypaBHeHI/Iﬂ 1N HA4YaJIbHBIC JAHHBIC:
{ 8=C,(2+2)
2 = (1/2)C, - 224 2C, -2+ C,

Otkyna C;=2 u C,= - 10. Takum o06pa3oM, HCKOMOE YaCTHOE PEIICHUE UMEET BU]
y=x?+4x—10.

2.3 Jluneiinble auddepeHnUAIbHbIE yYPaBHEHHsSI BTOPOro MNOPSiAKA €
MOCTOSAHHBIMH KO3 PUIUEeHTAMU

2.3.1)Iunelinbie 0qHOPOAHBbIe IH(pdepeHIHATBLHbIE YPABHEHUS BTOPOIO
NMOPSIKA C MOCTOAHHBIMU KOIPPuuueHramu

Onpenenenue 1. Jlunetinoimu 00HOpOOHbIMU OuppepenyuanvbHbiM  YpasHeHuem
8MOP0O20 NOPAOKA C NOCMOAHHBIMU KO Duyuenmamy Ha3bIBAETCs ypaBHEHHE BHJIA

y +py +qy=0 (52)
rac p U q — IIOCTOAHHBIC BCIIMUUHBI.

Teopema Ko a5 TMHERHBIX HavaJdbHBIX JAHHBIX (Xo, Yo,¥o) 3agada Komm nmeer,

npuyeM €AWMHCTBEHHOE, pelieHue y= y(X) ypaBHeHus (52). VYiosieTBopsroliee
HadaJIbHBIM YCIOBHIM Y=(X0)=Yo, ¥ ( X0)= Yo -

Jist  oTeickaHus  oOmiero pemieHuss ypaBHeHust (52)  cocTaBisieTcs
XapPaKTepUCTUYeCKOe YPABHEHHE

r’+pr+q=0, (53)

. d%y dy " ’
KOTOpO€ TmoJiy4aeTcs u3 ypaBHeHus (52) 3ameHOM 2 e (y" mu y') Ha

COOTBCTCTBYIOIIIHNEC CTCIICHU r, IMpu4cMm cama q)YHKHI/IH Yy 3aMCHACTCA CHHHHHeﬁ.

Torna ob6mee pemenne auddepeHnnanTsHOr0 ypaBHeHHsS (52) CTpOUTCS B
3aBUCHUMOCTH OT KOpHEH I W I, Xapakrepuctuueckoro ypaBHeHus (53). 3mech
BO3MOXHBI TPH CITydasi.

| caryuyaii. KopHu ;1 I, — 1eHiCTBUTENBHBI U pa3nuuHbl. B 3TOM ciiydae obiee
penieHue ypaBHeHus (52) uMeeT BU.
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v =_C_Ce"*+ (em=* (54)

Il crywait. Kopau Iy u I, — A€MCTBUTENBHBI U pa3inuHbl I + = I. Torna
oO1iee pemeHne ypaBHeHuUs (52) 3aMMChIBAETCS TaK:

v=(C,+C,x)e™ (55)

Il cayuwaii. Kopau Iy U I, — KOMIUIEKCHO — COMNpPSDKEHHbIE: 1; =  + 1,
1, =a—fi. B »toM ciaydae oOmee pemeHue ypaBHEHHsS (52) 3amuchIBaeTCs
CJIEIYIOIUM 00pa3oM:

v = e*™(C, cos fx + C, sin fx) (56)

2.3.2 PelieHue NpuMepoB

IMpumep 28. Pemmth ypaBHEHUE jT”z -7 g +10y=10

Pemenne. CocTaBuUM XapaKTEpUCTUYECKOE YpaBHEHUE W HaWIEM €ro KOpHH:
r2—7r+10=0; 1, = 2,1, = 5. Tak KaK KOPHU XapaKTEPHUCTHYECKOTO yPABHEHUS
JCHCTBUTENbHBIE U Pa3IUYHbIC, TO OOlIee pelieHrue JaHHoro auddepeHIanTbHOTo
ypaBHEHHs coriacHo hopmyie (54) samumercs Tak: ¥ = C;e?* + C,e>*,

o d2y dy
Ipumep 29. Haiitn yacTHOE pelICHHE YpaBHCHHUS T 5 P 0, ecm y=1
X

dy

n—— = —1 npu x=0.

Pemenne. CocTaBMM XapaKTEpUCTHYECKOE ypaBHeHHe 7> — 5r = 0, oTkyna

=0, r,=5. Tak KaKk KOpHH XapaKTEPUCTUUECKOTO YpPaBHEHUS ICHCTBUTEIbHBI U
pasnu4Hble, To ob1ee pemeHue TuddepeHnanTbHOTO YpaBHEHUS UMEET BU/I:

y=Ce?"+(C,e’*, Te. y=C; + Ce*

I[H?I HaXO0XACHUA HCKOMOT'O HaCTHOT'O PCHICHUA HYKHO OIPCACIUTb 3HAUYCHHA

noctossHHBIX C; u C,. [loacraBuB B oOmiee pemenne 3nadenus x=0, y=1, momyanm
1:C1+C2.

[IponuddepennpoBaB  oluiee ypaBHEHHE M TMOACTaBUB B IOJYyYE€HHOE

BBIpakeHue 3Hauenns x=0, g = —1, umeem g = 5(,e>*; —1 = 50(,.
Orcroga Haxogum: C,=-—1/5, C;=1—-C, =6/5. Takum o6pazom.

Hckomoe dacTHoOe perenne umeer Bug Y = 6/5 — (1/5)e* .

d®y

Ipumep 30. Pemuts ypaBHEHUE: oz 8% + 16y =0,
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Pemenue. CocTaBuM XapaKTEpUCTUYECKOE ypaBHEHUE W HAWIEM €ro KOPHHU:
r2—8r+16=0; r;, =1, = 4. XapakTepuCTUYECKOE ypPaBHEHHE HUMEET PaBHBIE

JEeWCTBUTEIbHBIE KOPHU; TTIOATOMY corjlacHO gopmydie (55) olliee pelieHne JaHHOTO
nuddhepeHIMaTFHOTO YPaBHEHHS 3aMCHIBACTCS B BUIC

y = (C, + Cx)e*™ .

IIpumep 31. Pemnts ypaBHeHue y” - 6y’ +25y = 0.
Pemrenrie. CocTaBUM XapaKTEPUCTUIECKOE YPaBHEHHE U HAIEM €ro KOPHH:
r2—6r+25=0; n=3+4i,n=3—4i; 30ece a=3, f=4.

Tak kak XapaKTEpUCTUYECKOE YPaBHEHHE HMMEET JBa KOMIUIEKCHO-COIPSKCHHBIX
KOpHs, TO ob11ee pemeHue quddepeHuaibHOro ypaBHeHus coriaacHo hopmyiie (56)
3aMHCHIBACTCS B BUJIC

y = e**(C, cos 4x + C, sin 4x).
IIpumep 32. Haiitu yactHOe perieHue ypaBHeHus y” + 8y’ + 16y =0,eciu y=1wu
y'=1npux=0.
Pemenue. CocTaBUM XapakTepUCTHUUYECKOE YPaBHEHUE M HaiiieM ero KOpHHU:
24+ 8r+16=0;r,=r,=-4.

Torma oOmee pemenne maHHOTO JUB(PEPEHIINATEHOTO YpaBHEHUS COTJIACHO
dopmye (55) 3ammceBaercs B Buae y = ¢ (Cy + CoX).

I[JI}I HaXO0XKIACHHUA YaCTHOI'O pCIICHUS HAXOAHUM IIPOU3BOAHYIO OT O6IHCFO PCIICHUAL
y'=(e ¥ (Cr+Cx)) =) (C1+Cox)+e ™ (Cy,Cox) =
=4 (C1+Cx)+Coe ™ =-4e™Ci-4e™  Cx+ Cre ™.

[ToncTaBUB HayadbHBIE YCIOBUS B BBIPAKEHUS I y W Yy, MOJIYyYUM CUCTEMY
YpPaBHEHU

{ 1=C1EG+C2 'U'E'D,

{ 1=C,,
i 1=—4C, +C,,
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otkyna C;=1 u C, = 5. CnegoBaTeabHO, ICKOMOE YACTHOE PEIIEHUE UMEET BUJ]
-4
y=¢ " (1+5x).

Ipumep 33. Haiitu yactHoe pemieHue ypaBHenus y” +- 6y’ + 13y = 0, ecnu
y=1lmn

y'=5npux=0.
Pemenue. CocTaBUM XapaKTEpUCTUUECKOE YpPABHEHHUE U HAMJIEM €ro KOPHHU:

r?—6r+13=0; r, =3 +2i, rpb =3 - 2ii 3mece o = 3, P= 2. Tak kax
XapaKTEPUCTHUECKOE YPABHCHUE UMEET JBA KOMIUICKCHO — COMPSIKEHHBIX KOPHS, TO
obmee pemenue audPepeHIMaILHOIO YpaBHEHUs corjiacHo ¢gopmyne  (56)
3anuckIBaercs B Buae y = e>*(C, cos 2x + C, sin 2x).

Huddepenuupys odiiee pelieHne, uMeeM

y  =3e**(C,cos2x+ (C,sin2x) +  e**(—2C;sin2x+ 2C,cos2x) =
= e?*(3C, cos 2x + 3C, sin2x — 2C;sin 2x + 2C, cos 2x) =

e**((3C; +2C,)cos2x + (3C, — 2C;) sin2x).

[ToncraBuB Tenepb Ha4yaJbHBIE YCJIOBHUS B BBIPDAKEHHS Ul Yy W Yy , MOJYy4YUM
CHUCTEMY YPaBHEHUI

{ 1 = e%C,cos0+ C,sin0),
5 = e°((3C, + 2C,) cos 0 + (3C, — 2C;) sin 0),

{ 1=C,,
o 5 =3C, + 2C,,

otkyna C; =1, C, = 1. Takum 00pa3om, HICKOMOE YaCTHOE PEIICHUE UMEET BU]

y = e**(cos 2x + sin 2x).

2.4 JIuneiinble HeogHOpPoAHBbIe TN depeHIUAIbHbIE YPABHEHHSI BTOPOIO
MOPS/IKA C MOCTOAHHBIMU KOIPPuuueHramu

Oomwmi Bua: y” + py’ + qy = f(x), rme p u ( aeiicrBurenabHble yucia, f(x)£0 —
HEKOTOpast PyHKIUs, Y — UICKOMast (DYHKITHSI.

OO6miee perieHUe HEOMAHOPOIHOTO PEIHICHUS Y., HAXOJUM Kak CyMMYy OOIIero
pEelIeHUs Yo, COOTBETCTBYIOIIETO OJHOPOAHOrO ypaBHeHus y” + py' + qy = 0 u
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YaCTHOI'O0 PELICHUS HEOJHOPOJHOIO YPABHEHHUS Yy, HAMAEHHOTO MO BUAY IPABOU
YacTH

You = Yoo T Yon: (57)

IIpaBu/ia HAXOKIACHUSA Vyy.
1.Eciiu mpaBasi 4acTh ypaBHEHUS] UMEET BH/T
f(x) = e*™ P, (x), (58)
rae P, (X) — MHOTOWICH CTeneHu N,T0 U 'y OYJeT UMETh TaKOW )Ke BUJI, IPHUYEM, SCITH:
a) o, He ABJISICTCS KOPHEM XapaKTePUCTUYECKOTO YPaBHEHUS, TO
Yan = €% Qr(X), (59)
rae @, (X) — MHOTOUIEH CTeIeHU N ¢ HeoNpeIeIeHHbIME KO3 pUIlMeHTaMH;
0) 0. SABISETCSA KOPHEM XAPAKTEPUCTUUECKOIO YPABHEHUS, TO
Yau = X' %% -Qp (%), (60)
r7e I — KpaTHOCTh KOPHS 0.
2. Ecnu mpaBast 4acTh ypaBHCHHS UMEET BU/
f(x) = ™ (P, (x)cosPx +Qm(x)sinPx), (61)
TO:
a) ecnui o, + | B HE SBJISAETCSI KOPHEM XapaKTEPUCTUUECKOTO YPaBHEHHUSI, TO
Var = % (Sp(x)cospx +Dy (x)sinPx), (62)
rae S.(x) u Dy (x) — mHOTOWIeHBI cTeniern K = max( m;n);

0)ecnm o+ i B sABIsAETCS KOPHEM XapAKTEPUCTUUECKOTO YPABHEHHS], TO
Var =X - % (§,(x)cosPx +Dy (x)sinPx), (63)

rae S,(x) 1 Dy (x) — MHOrOWIEHBI cTenieHn K = max( m;Nn) u r — KpaTHOCTH TapkI
KOpHe# o £ i .

B wmuorownenax koahduIMEHTHI HE ONpeaeNieHbl, WX HAXOAAT METOJOM
HEOoMpeeIeHHBIX KO (DHUITMEHTOB.

Urtak, mopsimok pemieHuss JUHEHHBIX HEOTHOPOAHBIX  auddepeHITnanbHbBIX
ypaBHEHUH BTOPOTO MOPSIIKA C MOCTOSHHBIMU KO3 (UIIMEHTAMHU
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1) cocTtaBUTh  COOTBETCTBYIOIEE OJHOPOJHOE ypaBHEHHE, HAWTH e€ro ooiee
pELIeHHE - Yo, ;

2) HAlTU Yq,; — YACTHOE PELIEHUE HEOJHOPOIHOTO YPaBHEHMS;
3) 3amucaTh o0111ee peleHue HEOAHOPOIHOTO YPABHEHHUSA - You = Yoo + Yun ;

4) HallTM YaCTHOE pEHIeHHe HCXOAHOro AuddepeHnaIbHOr0 ypaBHEHHUS TPH
3a/IaHHBIX HAYaJIbHBIX YCIOBUSIX.

[TorpeHupyemMcst HAXOAUTh Y., B 00IIEM BHUEC, HEe HaXxoasd KOd()(PHIIMEHTOB.
Hpumep. .. y" - 3y’ + 2y = f(x), rae a) f(x) = 4, 6) f(x) =x-1, B) f(x)=3x".

Pemenne. Tak kak f(X) B KaxkaoMm ciydae sIBISI€TCS MHOTOYICHOM, TO HET
HEOOXOMMOCTH HAXOAUTh KOPHHU XapaKTePUCTUUECKOTO YPaBHEHHUS.

[Tomyuaem a) yq, = A, Tak kak 4 —const ( popmysa 59 mpu =0 u n =0) ; 0) yuu
Ax+B, tak xak x-1 — nuneitnas ¢pynkuus ( popmyna S9 nmpu a=0u N =1); B) Yuu
A x*+ Bx + C ( popmyma 59 mpu o= 0 u n =2).

IIpumep 34. CoctaBuTh 00IIMIA BUJ MPaBOM YacTu pemieHus auddepeHmanbHOro
ypaBHeHus y” + 5y’ +4y = f(x), rae

a) f(x) = >, 6) f(x) = xe?™, B) f(x) = e*sin3x,

HE HaXOJisl 3HAUYEHHUS HEONpeAeIeHHbIX KOA()PUIIMEHTOB.

Pemenune. Halinem KOpHM XapaKTEPUCTUYECKOTO YPABHEHUSA:

k® +5k +4=0,k; =-1, k,=-4.

[TokazaTenn 3KCHOHEHT HE SIBJSIOTCS KOPHSIMHU XapaKTEPUCTHUECKOTO YpaBHEHHS,
MO03TOMY pelIeHUsI OyIyT UMETh BUJI:

a) Yur = A €™* (popmyna 59 npu a =5 u n =0)

0) yux = (Ax+B) e** (popmyna 59 npu a=2un =1)

B) Yuy = €% (AC0S3X + B sin3x) ( popmyna 62 nmpu a=1, =3 un =0)

Ipumep 35. y" + 5y’ +4y =f(x), rue a) f(x) = e™* ,0) f(x) = xe™*

Pemenune. Halinem KOpHM XapaKTEPUCTUYECKOTO YPABHEHUSA:

k® +5k +4=0,k; =1, k,=-4.

OdueBuaHO, YTO ISl cClydas a) I[OKa3aTelb OSKCIOHEHTHl SBISAETCS KOpPHEM
XapaKTEPUCTHYECKOTO YPaBHEHUS KPaTHOCTHU I =1, moaTomy vy, = A X e *( dhopmyna
63npu r=1,0=-1wun=0).

Jlnst cirydast 6) Var = AX° e~ ** ( popmyna 63 mpu r =2, a = -4 un =0).

Ipumep 36. y” + 4y’ +4y = f(x), rue f(x) = e ¥,
Pemenwne. Halinem KopHU XapakTepUCTUIECKOTO YPABHEHHUS
K* +4k +4=0,k =k, =-2.
[TokazaTenp SKCIOHEHTHI SBISETCS KOPHEM XapaKTEPUCTUYECKOTO ypaBHEHUS
— —_ 2 — 2% — — _ —
KPaTHOCTH I =2, O3TOMY Y4y = X~ e~ =* ( hopmyna 63 nipu r =2, o = -2 u n =0).
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Tenepb paccMOTpUM METO]T HEOTIPEAECTEHHBIX KO3(PPHUIIEHTOB.

Mpumep 37.y" - 3y’ + 2y = f(x), tre a) f(x) = 4, 6) f(x) =x-1, B) f(x)=3x"
Pemienue.
a) Yy = A. JUIs1 yn0OCTBa 3aMKUCH 0003HAUHM Yoy = U, T.€. U =A

Haxomum U’ = A’ = 0, u” = 0. IlocraBuMm 3HaueHus U, U u U” B HCXOJHOE
ypaBHEHHE:

0-3-0 + 2A =4, cnenoBaTenbHO, A = 2, IOATOMY Yy = 2.
0) u=Ax+B, Uu’'= A, u” =0. [loctaBum 3HaueHus U, U' u U” B ICXOAHOE YpAaBHEHUE:
0-3A +2(Ax+B) =x-1.

PackpoeM ckoOku U npupaBHIeM KO3(PPUIUMEHTHI MPU MEPEMEHHONW X OJMHAKOBOM
CTEIEHU:

-3A +2Ax+2B =x-1.

5 { 2Ax = x,

Pemaem cucremy ypaBHEHUM: _3A+9B = —1.
{ 2A = 1,

- 3A +2B = —1.

A=Y, -3-1/2+2B =1, torna B = %.

Vau = 1/2x+1/4.

B)U =A X’ + Bx+C, U =2Ax + B, u” = 2A.
[ToctaBuM 3HaueHus U, U' 1 U” B UCXOAHOE YpaBHEHUE:
2A — 3(2Ax + B) + 2«(A x* + Bx + C) =3x".

Packpoem ckoOku u mpupaBHsieM KO3(QQPUIMEHTHI MPU MEPEMEHHONW X OJMHAKOBOU
CTEIEHHU:

2A — 6Ax -3 B +2A x*+ 2Bx +2 C =3x>.

2A =3,
Nmeem -6A + 2B =0,
2A —3B +2C =0.

Pemras cucremy nmonydaem 3Hauenust kodgduimento A = 3/2, B=9/2, C=21/4.

Van = 3/2 x° + 9/2x + 21/4.
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Ipumep 38. y" + 5y’ +4y = e,

Pemenne. U = A e, u’ = 5A e, u" =25 %,
[TocTtaBum 3HaueHus U, U' 1 U” B UCXOAHOE YpaBHEHUE:
25A e+ 5.5A e +4. A e = %%,

Brinecem 00N MHOKHUTEID:

e *(25A+25A +4A) =1,

ciieqoBaTelibHO,54A =1 u A = 1/54.

Vau = 1/54- €%,

2x

IIpumep 39. y" +4y'+4y = e~
Pemenue. Haliiem KOpHH XapaKTepUCTUUECKOTO YPABHEHHUSI:
K* +4k +4=0,k =k, =-2.
[loka3aTenb SKCHOHEHTHI SIBIAETCA KOPHEM XapaKTEPUCTHUECKOTO YpaBHEHUS
KPaTHOCTH I =2, IO3TOMY Yoy = Ax® e 2%,
U=Ax"e 2 U =2Axe 2* —2Ax%. e 2 U"=2A e Z*2x"-4x +1).
[ToctaBuM 3HayeHus U, U'u U” B UICXOJHOE YPaBHEHUE:
2A e X(2x* —4x +1) H4( 2Axe X —2AX%. e ) + 4 Ax% e 2X = @7 2X,

e 2X(4Ax% -8AX + 2A +8AX -8AX® + 4AX%) = e X,
Pazgenum 00e 4acTd paBEeHCTBA Ha e~ °* u mpupaBHieM KOd(P(UIMEHTH IPU
MEPEMEHHON X OJJMHAKOBOU CTEIICHU:

2A=1nA=".

Toraa yu, = 1/2x% e~ 2%,
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2.5 Bonpocsl VI CAMOKOHTPOJIS MO pa3aeny 2

1) 3amummTe 00U BU HENOJIHOTO MU GEPEHITMATBLHOTO YPaBHEHHS 2-T0 TIOPSIIKA.
2) Kakyro TOACTaHOBKY CleQyeT MNPUMEHUTh [UIS PEUICHHUS HENOJIHOTO
Qg QepeHIanbHOr0 ypaBHEHHS 2-T0 MOPSAIKA, HE COIEPIKAIIEro MEPEeMEHHYIO y?

3) Kakyr TOACTAaHOBKY CIeAyeT MPUMEHHUTh [UIi PEIICHHsS HEMOJIHOTO
T pepeHInanbHOr0 ypaBHEHHS 2-T0O MOPSAIKA, HE COAEPIKAIIErO IIEPEMEHHYIO X?

4) CxoJbKO NPOU3BOJIBHBIX IOCTOSIHHBIX BXOJUT B OOIIEE PELIEHWE HEMOJIHOIO
T pepeHINanbHOr0 ypaBHEHNS 2-T0 MOPSAIKA.

5) 3anuimTe HOPSAA0K pelieHus ypaBHenus Buaa y” = f (x;y).

6) Kak cocTaBUTh XapakTepUCTUUYECKOE ypaBHEHNE AP PEPEHIINATBHOIO ypaBHEHNS
2-TO MOPSIZIKA C TIOCTOSIHHBIMU K03 putinenTamu?

7) 3anumute obmiee pemieHue AUQPGEpEeHIMATFHOTO YpaBHEHUSI 2-TO MOpAIKa C
NOCTOSIHHBIMU  KO3(DPHUIIMEHTaMH, €CIM KOPHH XapaKTEPUCTUUYECKOTO YpPaBHEHHS
pa3iauuHbIe JEHCTBUTENbHBIC YUCIIA .

8) 3amummre obmiee pemieHue AUPPEPEHIMATHLHOTO ypaBHEHHsS 2-TO TOpSAKa C
NOCTOSIHHBIMU  KO3(DPUIIMEHTaMH, €CIM KOPHH XapaKTEPUCTUUYECKOTO YpPaBHEHHS
paBHbIE ACHCTBUTEIbHBIC YHCIIA.

9) 3amumute obmiee pemeHune AUPHEPEHINATFHOTO YpaBHEHUSI 2-TO MOpAIKa C
NOCTOSIHHBIMU  KO3(DPHUIIMEHTaMH, €CIM KOPHH XapaKTEPUCTUUYECKOTO YpPaBHEHHS
KOMIUIEKCHBIE YHCTIA.
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Pa3nen 3 Inddepennuaibubie ypaBHEeHUsI B HAyKe U TEXHUKE
3.1 CocraBiienue nuddepeHunaabHbIX YPABHEHU .

Mpbl yxe oTMeyand, 4YTO MHOTHE 3ajaud (U3HKW, TEXHUKUA, OUOJIOTHH U
COIMAIBHBIX HAyK pPEeIIaroTcs Tpu moMontu auddepeHimanbabix ypaBHeHui. [Ipu
3TOM CHayana cocTaBiseTcss AuddepeHnnanbHoe YpaBHEHHE, KOTOpOe 3aTeM
penraeTcsi, BO MHOTUX YaCTHBIX CIIy4asiX, IO OJJHOMY W3 YKa3aHHBIX BBIIIEC CIIOCOOOB
B 3aBuUcUMOCTH OT ero tuma. CocrtaBineHue nuddepeHIManibHbIX YpaBHEHUN TIO0
YCIIOBUIO 33/1aud HANOMHHAET COCTABJICHHE anreOpandeckux ypaBHeHui. [Ipu
pelmieHny 3a7ad  Ha cocTaBieHue JuddepeHnranbHbIX YpPaBHEHUN IIHUPOKO
UCIIOJB3YETCSl TEOMETPUYECKUM M (DU3UYECKHM CMBICT TPOM3BOJHOM, a TaKxke
M3BECTHBIE 3aKOHBI €CTECTBEHHBIX U COLIMAIBHBIX HAYK.

PaccMoTpyUM HEKOTOpBIE IPUMEPHI.

Ipumep 40. KonpmeHncatop, eMKOCTh KOTOporo Q, BKIIOUaeTcs B IEMb C
HanpsokenueM E u comportusiennem R. Omnpenenuts 3apsa (t) KoHaeHcaTopa B
MOMEHT BpeMeHU 1, eciii B HayajdbHbIi MOMEHT BPEMEHU OH ObUI paBEH HyII0. A
Ecnau B MoMeHT BpeMeHH t 3apsin  koHzmeHcaropa paseH ( (f), To k 3ToMy MOMEHTY

. dg
BPpCMCHH TOK | PaBCH EJ, a JJICKTPOABMIKYIAA CHJIA E paBHa pPa3HOCTH MCKIAY

HanpsbkeHueM 1enu U 1 HanpspbkeHreM KoHeHearopa §/Q, T.e

E=U-Z
Q

CorsiacHo 3akoHy Oma i=E/R, oTkyaa

dg q o
=y
dt QR R

(64)

VYpaBueHus (64) siBIsieTCS TUHEWHBIM JUQQPEpEeHINATBLHBIM YPAaBHEHUEM IIEPBOTO
nopszika. /[ ero pemrenus caenaem NoJCTaHOBKY ( = UV, OTKyaa

50)0%0 — =

d
[loacrasnsis 3HaueHust ( U d—f B ypaBHeHue (64), rpynnupys WieHbl, coaepxKamiue V,

BBIHOCA €TI0 3a CKO6KI/I, IMOJIy4YrUM

du du uYy_U
ua+vtg+wﬁ)—ﬁ (65)
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Haiinem ¢yHKImIo U, yIOBIETBOPSIONIYIO YCIOBUIO

du u _
E+ﬁ_o’ (66)

Torna ypasHenue (65) npuMer BUJL

=2 (67)
N3 ypaBHeHus (66) Haxoaum
du_ _ 4t
u QR
OTKY/a, HHTETPUPYS, I0JIy4aeM
In|ul=-t/(QR)
WIIH u=e "/ QR), (68)
[ToxcraBum mosydeHHyr0 GyHKIUIO U B ypaBHeHHe(67), Toraa
/@R _ U o 4= Y et/@QB) Gt
d¢ R’ R ’
OTKyJa v=/ E tQR) gt = % QR et/ @QR) 1C,
WJIn v=QU YR} +C,
Takum o6pazom, = QU+C et/ (QR),
[Tocrosiuayro C Haitnem u3 ycinouit =0 mpu t =0 :
0= QU- QUe¥QR) = QU(1-e¥QR),
3.2 ludgdepennnanbHoe ypaBHeHHe IOKA3aTEJBLHOI0 POCTa
Psan 3agau Ha cocraBienue quddepeHIanbHbIX YPaBHEHUSM BUa
y=ky, (69)

rac K- mocTostHHAs BENMYMHA.
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VYpaBuenue (69) Ha3bIBae€TCs ypasHeHuem noxkazamenvHo2o pocmda. Ero cmbici
COCTOMT B TOM, YTO CKOPOCTh HW3MEHEHHs (PYHKIHH TPOTOPIIMOHAIbHA CaMOM
byHKIUN.

[lepenuiiem ypaBHeHue(69) B Bue Z—i = ky.

Paznenss nepemMeHHbIe M UHTErPUPYS, HAXOAUM

fi—}?:f kdx =1n|y|=kx+1n|C =|1n|y| = 1nek+1n|C|,

WM y=Ce* (70)

Ilpumep 41. Karep aBMXETCS B CIOKOWMHOM Boje co CKOpocThio Vo= 20 km/u.
Onpenenuthb

CKOPOCTb KaTepa 4epe3 2 MUH I0CJE BBIKJIKOYEHUS ABUTarTelis, eciu 3a 40 ¢ oHa

yMmeHblniaach A0 Vi=8km/d4. CONpPOTUBIEHHE BOJbI MPONOPLUOHAIBLHO CKOPOCTH
NBIKeHUs Karepa. Pemenue. [IycTb CKOpOCTh JBMKEHUS KaTepa B MOMEHT BPEMEHU
t paBaa V. Torma ABWKYIIUIICS KaTep NEHCTBYET CHla COMPOTUBICHUS BOIbI F=—KV.
dr
Ho cornacno 3akony HetoToHa F=ma=m 3¢ @ coryacHo ,
dv

m="=—kv. (71)

VYpaBaenue (71) sBnsgercs quddepeHanbHbIM YpaBHEHUEM TTOKA3aTEILHOTO POCTa,
MIOATOMY €r0 OOIIUM pEelIeHHEM OyJIeT

v(t) =Ce=t ’ (72)

[Tocrosauyro C HaitneM u3 HadanbHOTO yenoBus V(0)=20 km/u:

20= Ce'n—":ﬂ T.e. C=20

HTaK, CKOPOCTh JABMIKCHHA KaTCpa II0CJIC BBIKIIFOYCHHA ABUTATCIIA OIPCACIIACTCA
K

hopmystoit v=20e m', (73)

HaiifieM 3HaueHMs HOCTOSHHOM e~™/™ JIns 3TOro BOCHOIB3yeMCs YCIOBHEM, YTO
npu t=40 ,c=1/90 1 ckopocTs V=8 Kkm/4:

K k

8=20e™m' ‘X ree m=(2/5)%
S0
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[onoxus B pasenctse (78) t=2 mun=1/30 Mua u e %™ = (2/5) % Haiizem
HUCKOMYIO CKOPOCTb:

32
35

v=20((2/5) %)= ==1,28 ( km/v)

Ipumep 42.
CkopocTh pacnaza paaus B MOMEHT BpeMeHU { mponopiuoHagbHa ero KOJIUYECTBY
m(t).

[Iycth B HavalbHbIE MOMEHT BpemeHu Macca paaus M= 200r. Ckonbko paaus
OCTaHEeTCs

yepe3 300mer, ecnum uW3BeCTHO, uTo Tmiepuod T monypacmaga paaust (
MIPOMEKYTOKBPEMEHH,

yepe3 KOTOpbId epBOHAavYaIbHas Macca pajaus yMEHbIIIAeTCsl B /1Ba pa3a) paBeH 1550
roaam?

Pewenne. 13 ycnoBus 3agaun umeem

dm _

= —km, (74)
rIe k > 0 . 3Hak MHUHyC TOKa3bIBaeT, 4YTO Macca pajaus YObIBacT, a
d
CJIeIOBATENIbHO, CKOPOCTh pacraja d—I: orpuniatenbHa. VHTErpupys ypaBHEHUE
(74), naiinem ero ob1ee pereHue
m(t) = Ce™ (75)

Cornacho ycimouio M(0)=200r; umeem
200= Ce-*? ,t.e. C=200.

Cre10BaTeNbHO , m(t) = 200e™ .

Kospdurment K nHaiimem u3 ycmosus, uro m(t) = im[{]) = i +200=100 mpm
T=1550:

1n2
1550

100= 200¢ % 195k =1 /26y o159 = 951550k=1n2<k =

~ 0,0004474.

inz

Takum oOpa3zom, m(t) = 200e sso” .
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[Tonoxwus t=300, HalimeM KOJIMYECTBO Pajausi, OCTABIIETOCS HEPACTIABIIIUMCS Yepe3
300ner:

M(300)=200 e 1555 2% & 2000000447300 », 174 88y

3.3 NuddepennuanbHoe ypaBHeHHE TAPMOHUYECKUX KOJIeOaHUii

v

Puc.

[TycTh mapuk Maccoil M MPUKpEIUICH ABYMS MPUKUMaMHU TaK, Kak IMOKa3aHO Ha
puc.a???. B mosoxeHuu paBHOBECHUs] KOOpJMHATA IIEHTpa IapUKa paBHA HYIIIO.
Cmectum mapuk B HampasieHun ocu Ox puc. b. Toraa cormacHo 3akony ['yka Ha
IapyuK JEUCTBYET CUIIA, MPONMOPIIMOHATbHAS CMEIICHUIO X,

F=—vyX, (76)

rae y>0. 3Hak MHHYC YKa3bIBaeT, YTO BOCCTAHABIMBAIOIIAs CHJIa HAMpaBJICHA B
CTOpPOHY, MPOTHUBOMOJOXHYIO HampaBieHuto cMmenieHus. [lo BTopoMy 3akoHy
HrroTrona umeem

F=ma (77)
N3 pasencts (76) u (77) cnenyer
m= —yX. (78)
puc.
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Tak kKak yckOpeHHE a NPSIMOJIMHEMHOIO IBWKEHMS €CThb BTOpAas NPOU3BOAHAS

dz
KOOpAMHATHI (MIyTH) TT0 BpeMEHH 1t (a=d—;,_), TO paBeHCTBO (78) MOXKHO IepenucaTh B

BUJIE
di | ¥
gz T X = 0.
[Ton0KUB w> = Y/ M, HONY4HM
di 2 _
—z T 0" x=0. (79)
VYpaBHenue (79) sBnasercs OAHOPOIHBIM JIMHEHHBIM nuddepeHIaTbHBIM

yYpaBHEHHUEM BTOPOTO MOPSIIKA C MOCTOSHHBIMU KO3 (DUIIUEHTAMH.

Ecnu pusnueckas BennunHa U3MEHSETCS BO BPEMEHH B COOTBETCTBUU C YPaBHEHUEM
(79),T0 TOBOPAT, YTO OHA COBEpIIACT ecapmoHuueckue Koaebanue. IloaToMy
ypaBHeHue (79) Ha3bIBaeTCad OuggepeHyuaibhbiM YpagHeHUuem 2apMOHUYECKUX
KOneOanui.

Pemum ypaBuenue (79). st 3TOro COCTaBUM XapaKTEPUCTUUYECKOE YpaBHEHHUE U
HalJileM €ero KOpHHU: 2T, TO HAMMEHBIIMK NEPHOJ TapMOHUYECKOTO KOJIeOaHUs
HalJIeM U3 PAaBEHCTBA

w(t+T) +o= ot+e+2m,
OTKyJ1a T=2mn/w.
K+ ©°=0, T.e. k= 0i, k= oi.
CrnenoBarenbHO, OOIIUM pelieHrneM ypaBHeHus (79) OyneT pyHKuus
x=C; cos ot+C,sin wt. (80)
Bwmecto npon3BonbHbIX MOCTOSAHHBIX C; 1 C, COOTHOLICHUSIMU
C;=Asinp, C, =AcCos¢ (81)
Torna paBeHcTBo (80) mpuMeT BUa
x=A sin@ €0s ¢t +A oS ¢ ot,
WIH x= A sin (ot+¢) (82)

PaBenctBO (82) sIBIsieTCst ypasnenuem capmonudeckux xonebanuti . BemmumHa A
MPEACTaBISIET cO00 HauOOJbIlIee OTKIOHEHUE Tella OT MOJOKEHHUSI paBHOBECHS U
Ha3BIBACTCS aMNAUMYOOU KOJIeOaHUAL.

N3 paBenctna (81) cienyer

NG
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Tak kax Sin U — mepuoauueckas GyHKINsS C HAMMEHBIIUM meproaoM 83)

Benmnunna o=2n/T Ha3piBaeTcs uyacmomoti konebanus. HakoHeEl, BEIUYHUHY @
HA3bIBAIOT HAYANbHOU (ha30l TAPMOHUYECKOTO KOJIeOaHUS U HAXOJAT U3 PABEHCTB

(81).
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TecToBbIE 3a1aHNA
3ananuel.YCcTaHOBUTE COOTBETCTBHE MEXAY 3amuChio  JIu(depeHInaTbHbIX
YpPaBHEHUM NIEPBOTO MOPSIKA U UX HA3BAHUSAMMU.
1) (2x-1) dy +(3y+2) dx =0
2) (3x%+y?) dy + (2x%-3y?) dx = 0
3)y +2xy = e*
A) nuHelHOe

B) onnoponnoe
C) ¢ pa3genaronmMucs NepeMEHHbIMH

3ananue 2. Pa3nencuue nepeMeHHbIX B qud(hepeHInaTIbHOM ypaBHEHUH
Sinxcosydx +Sinycos X dy =0 npuBener ero K BUny...

BapI/IaHTBI OTBCTOB!:

1) Sinxcosxdx _ dy 2 cosxdx _ cosydy |
Siny cosy Sin x siny
sinxdx _  sinydy | cosxdx _  cosydy
3) = : g) cosxdx _ _ cosydy
COS X COS Y Sin x siny

3aganue 3. OnHopoanbiMu TuddepeHIMATFHBIMA YPABHEHUSIMU TIEPBOTO MOPSAIKA
SBJISIIOTCS YPABHEHUSL. . .

BapuaHTsl OTBETOB:

1) 3 dy = In f dx; 2) v dx = e*dx;
3) (x+y)dx +xdy =0; 4) x j"; = y+ cos’ ;

3aua}me 4. YCTaHOBUTE COOTBETCTBUE MCXKAY Ha4YaJlIbHbBIMHU YCIIOBUAMH U
PCIICHUAMUA YPABHCHUA y’ -X = 0, IMMOJIYUYCHHBIMHU IIPHU JAHHBIX HAYAJIbHBIX YCIIOBUAX.

Dy(0)=0
2)y(0)=1
3)y(2)=0.

BapI/IaHTBI OTBCTOB:
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Ay==+1

2

B)y="7 -2

xZ

Oy=7

3aganue 5.00miee pemenue AuddepeHnrnanbHoro ypaBuenus y” + 4y = 0 umeer
BUI. ..

BapuaHnTsl OTBETOB:
1) y=Cie™+Ce™ 2) y =C;c082X + C, sin2x;
3) y=e™Cix+Cy); 4) y= e™(C1c082x + C, Sin2x ).

3aganne 6. OOmee pemieHWe JUHEWHOTO OJHOPOAHOTO au(hepeHITUATHLHOTO
ypaBHEHHUS BTOPOTO MOPSIKA C MOCTOSIHHBIMU KO3 puunentamu umeer Bua y = C;
e?* ++C,e™™ , TOraa KOPHH XapaKTEPUCTHYECKOTO YPABHEHMUS PABHBI. . .

BapuaHnTsl OTBETOB:
1) n=r,=2 2) r1=-2,1,=1

3) r=0,r,=-1 4) rh=2,r, =-1

3aganue 7. YactHoe pemieHue nudpepeHnuanbHOro ypaBHEHUS
y"+2y' -5y=3x", HaiiicHHOE IO BH/LY MPABOH YACTH HMEET BHI. ..
BapuanTel OTBETOB:

1) y=Ax+B 2)y=A

3)y= AX?+Bx+C; 4)y=(Ax+B) x?

3aganue 8. OnpenenuTs yacTHOE penieHue nudepeHaibHOro ypaBHEHUS
y " —y=sin2X , yautbiBas ¢GopMy MPaBoOil YacTH. ..

BapuaHTs! OTBETOB:

1) y= A cos2x + B sin2x; 2) y = (Ax +B) cos2x + (Cx +D) sin2x;

y=Ae*+Be"; 4) y=e" (A cos2x + B sin2x).
54



OT1BeTBI K TECTOBBLIM 3aJJaHUSIM

3aganue 1.0tBeT: 1-C, 2-B, 3 -A.

3ananue 2. OTBeT: 3.

3ananue 3. OtBert: 1 u 3.

3aganue 4. OrBet: 1 — C, 2 -A, 3 -B.
3amanue 5. OTBeT: 2.

3ananue 6. OtBeT: 4

3ananue 7. OTBeT: 3.

3ananue 8. OTBeT: 1.
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3akJIroueHue

bimarogaps mupokomMy Kpyry JUCLMIUIMH, B KOTOPBIX HCIOJIb3YIOTCS
muddepeHInanbHble  YPaBHEHHSI, U3YUYE€HUE 3TOM TeMbl MPHOOpeTaeT 0co00 BaKHOE
3HA4YECHUE B cucTemMe CpenHero po(hecCHOHAIBHOTO oOpa3oBaHMUsl.
HuddepeHunansHbie YPaBHEHMS IIOMOTAIOT pa3BUBAaTb OCHOBHBIE HJACH
MaTeMaTHYeCKOro MOJACIMPOBAHUA U ¢opMupOBaTH yMEHHE NPABUJILHO
AHAJIM3UPOBATH NPHUKJIAJHBIC 32244 U JeJaTh BbIBOABI. Bo3HUKHYB B 16 Beke
Ha 0a3e 3a7a4y MeXaHUKU U (QU3MKH, Teopus AUPQepeHIrnaIbHbIX YpaBHEHUIN Kak
CaMOCTOSTENIbHAs TUCLUUILIMHA CIOXKUIach K KOHIY 18 Beka. B Hacrosiee Bpems
Teopust U@ epeHIMaNbHBIX YpPaBHEHUN MPOJOJIKAET pPa3BUBAThCS U SBISIETCS
OJHOM U3 Ba)KHEHUIIINX YacTell MaTEMAaTHUKHU.

Bbonbiioii Bkiaa B pa3BuTue Teopun IudPepeHraibHbIX YpaBHEHU BHECIIN
poccuiickue u coBerckue yuenole M.A. JlaBpentheB, I0.A. Mutponosbckuii, A 5.
XununH, U.I'. IleTrpoBckuid u apyrue.
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Ipuioxkenue A

IIpeoGpa3oBanusi APOOHBIX BbIPAKEHHUI
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IHpuiaoxenue b

HexoTopsbie cBOiCTBA CTENEHU
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Ipuioxenue B

IIpeoGpa3oBanus JJorapupMu4ecKuX BbIPazKeHHI

1.Ln(x-y) = Inx+ Iny

2.In= = Inx - Iny

3Inx=a=x=ge"
4.6"™ =x

5 enlnx — Xn
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Ipuiaoxenue I

Pemienne KBaapaTHbIX YpaBHEHUMI
ax’+Bx +c=0

D = 8% - 4ac.

- b5++D
Ecmu D> 0, T0 X120 = ———.

b
Ecmu D=0, To X1 =Xp =-—

Za’
Ecmu D <0,t0 X12 =0 * fi.
x> +px+q=0
Teopema Buera
X1 +X2= -p,

X1 X2=(.

60



Ipuiaoxenue /|

Tadunna oCHOBHBIX HHTErPAJIOB

n+1

1)jx“dx:x +C,n#-1; npu n=0 Idx:x+C
n+1
dx .
2)]—:In|x|+c 3) fsm xdx = —cosx +C
X
4)Icosx dx=sinx+C 5)_[ —=1gx+C
cos® x
dx dx i
6 =—ctgx+C 7 =arcsinx+C
) [y =0 N
x a’
s =arctg x+C 9) Ja dx = +C
Ina
10) jexdx:ex +C 11) '[tg x dx = —Injcos x|+ C
12) J'ctg x dx = Infsin x|+ C 13) J' —Intg 2|+ C
sin X 2
T X dx 1 X
14 Intg| —+—=||+C 15 =—arctg—+C
)-[cosx 9(4 2] )Ia2+x2 a ga
1 |a+X 1, |x—a
16 =—In~""+Cc 17 =~ In>—+C
)-[az—xz 2a |a—x )-[xz—az 2a |x+a
= arcsin— +C :In‘x+\/x24_ra2+C‘

dx
18 19) | —
IR ey
2
20) | x2+a2dx:§-\/x2+a2 +a?-ln

2

21) [v/x? —a2dx:§'\/x2 ~a? —a?'ln

x+Vx2+a%|+C
X +Vx%—a?|+C
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